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ABSTRACT 

A method is presented for determining the content 
validity of a series of secondary school mathematics tests. These 
tests are part of the Mathematics Diagnostic Testing Project (MDTP) , 
a collaborative effort by California university systems to develop 
placement examinations and a means to document student preparation in 
mathematics. Content validity was being established in a three-pcint 
process: (1) internal analysis of the MDTP tests; (2) comparison of 
their contents with four statements from national and state 
organizations of desired curriculum and preparation at the secondary 
school level; and (3) comparison with other secondary school 
mathematics tests, including results of the Second International 
Mathematics Study, an eighth-grade test prepared by R. D. Bock and R. 
J. Mislevy, and the California Assessment Program (CAP). In 1988-89, 
over 1,000 teachers and 300,000 students participated in the MDTP. 
Analysis of the content validity of the MDTP tests is reported 
briefly for each of the three areas. The focus is on the validation 
process. There are 79 references. Appendix A contains 13 tables of 
study data. Appendices B through E list the curriculum specifications 
of the organizations studied, and Appendix F contains the content 
specifications of the CAP. (SLD) 
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This report presents an analysis of the content validity of a series of secondary 
school mathemaUcs tests. Our purpose in conducting this malysis was to improve qui 
understanding of what it means to validate a subject matter test (or "content 
assessment") designed to serve several purposes demanded by educational reform, such 
as program monitoring, accountability, and Instructional Improvement. 

Since the validity of a test depends upon the purpose for which it is used, multi- 
purpose tests present a special challenge to validation efforts. While the validation 
presented here was specific to the math tests under consideration, both the methods 
employed in the analyses and the issues raised In conducting them are intended to 
serve a more ge.neral purpose-to provide guidance to other educational reform and 
Improvement efforts that rely on multi-purpose content assessments and which 
therefore must be concerned with the content validity of such tests. 

in the first section of the report, we comment on the educational context and 
conditions that influence the validity and utility of content assessments within the 
educational reform movement. This discussion provides a rationale for reconsidering 
certain test validity notions. 

In the second section we define both the terminology and the terrain for our 
Investigation, and in the third section we present our working model for establishing 
the content validity of multi-purpose subject matter tests. The fourth section describes 
the general framework for the study of which this work Is a part (the Mathematics 
Bridging Study) and a brief desaiptlon of the tests we examined (namely, the 
Mathematics Diagnostic Testing Project [MDTP] tests). Section five describes the 
procedures employed In the application of our model to the MDTP tests and reports the 
results of our validity analyses. The paper concludes with the Identification of several 
Issues raised by the analyses and brief consideration of their Implications for further 
work on validating content assessments Intended to serve multiple purposes. 



Background and Context 

An expanded role for student testing in the educational Improvement process Is 
Integral to virtually all the activities generated by the various reform reports of the early 
1980s (e.g., California State Board of Education, 1985; National Commission on 
Excellence In Education, 1983; The National Science Board Commission on PrecoUegiate 
Education in Mathematics, Science, and Technology, 1983; United States Department of 
Education, 1983). Testing Is a altlcal component of reform in two ways: directly 
(through the introduction of high school graduation examinations, or upgrading the 
proficiencies tested In existing competency and proficiency tests, and/or new or 
modified assessments designed to monitor student and system progress) and indirectly 
(through Its use to hold the educational system accountable for Its response to 
statements of curriculum standards and modifications of the course requirements for 
high school graduation and college admission). 

Unfortunately, the expansion of testing activities has been engendered by often 
competing political, sodai, and educational agendas, and thus does not have a clearly 
articulated focus. If anything, the pressures for educational improvements have served 
to extend the multitude of purposes that tests have been asked to serve (e.g., Airaslan & 
Madaus, 1983; Anderson, 1986; Bursteln, 1983; Burstein & Miller, 1983; Cohen & 
Haney, 1980; Jaeger & Tittle, 1980; Resnlck, 1980) and the diverse fonns they take (e.g., 
Bursteln, Baker, Aschbacher, & KeesUng, 1986; Bock & Mlslevy, 1986; Herman & Dorr- 
Bremme, 1986). Without a good deal of thought, care, and political savvy, these 
conditions dictate confusion rather than clarity. Too often, testing efforts Introduced 
under such conditions yield little more than misinterpretation and, even worse, 
misrepresentation and mischief (Baker & Herman, 1986).* 
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Given the importance of tests in reform efforts and the new emphasis on testing 
that serves several purposes simultaneously, it is appropriate to revisit the issue of 
content validity and how It might apply In this new context. 



The Validity of Content Assessments 

Content assessments, the kind of educatioi. sts of Interest here, have two 
important characteristics: 

• External development— they are developed by an agency or organization 
external to the classroom or school settings in which they are administered, 
and 

• Subject matter focus— they are designed to measure what students know 
about . ct matter and could conceivably have learned from their 
schoo. perlence. 

District, state, nat; nd International achievement assessments (e.g., commercially 
published standarc ists; minimum competency, proficiency, and graduation tests, 
regardless of their lic u .e; state assessments; the National Assessment of Educational 
Progress; the IFA achievement surveys; college admissions and placement testing) all 
satisfy the above restrictions to a certain degree.^ 

Linkage to Instruction 

Content assessments are being used In the educational reform efforts in a variety 
of ways (e.g., Anderson, 1985; Elliott & Hall, 1985; Kearney, 1985), particularly as 
achievement indicators to Influence ("drive") curriculum and instruction and to monitor 
student progress (e.g., Bursteln et. al., 1986; Congressional Budget Office, 1986; Fetler, 
1985; Ralzen & Jones, 1985; Selden, 1986; Smith, 1985). However, when used as 
outcome Indicators for a relatively diverse set of sdiool programs, content assessments 
generally can reflect Instruction only in broad terms and hence are unlikely to directly 
Impact instruction at the point of delivery, the classroom (Linn, 1983, 1986; Shavelson, 
Webb, & Bursteln, 1986; Tyler & White, 1979). 

Perhaps as a consequence of their external source and their Intended 
applicability aaoss a range of programs, the validity of most content assessments can be 
criticized on two counts: (a) the extent to which subject matter content is adequately 
represented and (b) the match between the test and local instruction. Because they are 
developed as generalized accountability measures, such tests cannot precisely measure 
the enacted curriculum at specific sites, which entails complex interactions among 
available teacher expertise, student entry skills and knowledge levels, and Instructional 
materials. Yet, since a fundamental reason for conducting most content assessments is 
to Improve educational practice and performance, it is appropriate to examine their 
validity explicitly in the context of instruction. 

Valuable ideas about how best to validate content assessments can be found in 
research that explicitly links ..national testing with instructional experiences. This 
uoKiy ot research is a central component of the tapestry of major models of school 
learning (e.g.. Bloom, 1976; CanoU, 1963; Harnischfeger & Wiley, 1975) and educational 
productivity (Barr & Dreeben, 1983; Brown & Saks, 1986; Dreeben & Thomas, 1980). 
Concepts such as "opportunlty-to-learn" as used in the lEA studies (e.g., Bursteln, in 
press; Husen, 1967; RobitalUe & Garden, 1988; Travers, 1985; Travers & Westbury, 
1989), "content coverage" (e.g., Floden, Freeman, Porter & Schmidt, 1980; Freeman, 
Belli, Porter, Floden, Saimldt & SchwlUe, 1983; Jenkins & Pany, 1976; Porter, 1989; 



Schmidt 1983) and "test overlap" (e.g., Cooley & Lelnhardt, 1980; Cooley, 1981; 
Lelnhardt & Sd, 1981; Lelnhardt, 1983) place the link between the curriculum 
oresented to student and he tests used to measure performance at the center of any 
JlaTsSc attemf^^^ the consequences of educational policies and practices 

(Burstein & Miller, 1984; Shavelson et al., 1986). 

Determining Terminology 

The focus here Is on Improving the validity of content assessments for 
nH..ra»iAnfi .iPfiVon-maklnff related to Instruction. Despite the recent proliferation of 
f?"J^fli^tl fm m?rS asDects of tc t validity, the dassic rubric content validity is 
oreTerableYo the ^^^^^^^^^ Instructional validity b«<ause oi 

Php fSmPrl JeneMlltTm^^ the diverse reasons for asking and evaluating 

h perTnn a^^^^^^^^^^ the test appropriate?" While earlier efforts to 

examlnra estTcontent validity were primarily judgmental, the current standard 
S a broader analysis both conceptually and empirically (e.g., Cronbach, 1971, 
m4 SchS^^^ reasonable to distinguish content validity as 

1 subfo?rof cons^ validity would be a more enlightened concern (Cronbach, 1984). 

Defining the Terrain 

Given that the validity of a test depends upon the purpose for whldi /s "sed. 
It IS reasonable to ask what types of Instructional decisions are under consideration. The 
insulirtlonaruses of tests most pertinent to our Investigation are for placement 
decisions, diagnosis, and curriculum course revision. 

Student olacement In precolleglate education may Involve assignment to 
curriculum track or w^^^^^ grouping decisions, where the text used or the rate 

inamrtion va^ At the oostsecondary level, placement tests are used to permit 
enro" in rhallen^n^^^^^^^^^^^ to Identify tfose In need of additional preparation 
(Frisble, 1982). 

niamostlc testine within schools may be designed to determine an Indlvlduars 
difficulty wffcon^^^^^^^^ assess the Instructional needs of stibgroups o students, 
rlo^cf r^c .IK ran h^^^^^^ Identify Instructional weaknesses as well as a particular 
studentVprS^^^^^ While X ma^^ for this sort of testing reside In the textbooks 
nTworffirSls provSed by commercial Publishers prope^y d^^^^^^^^^^^ oaf ed 
rontPnt a-essments Can serve this purpose as well. And, as In the case ot tne specmc 
fest we consl^r later 0^^ will use them dlagnostlcally if appropriate steps are 

taken to encourage and cultivate such use. 

The designation of curriculum and course revision as an Instructional use of t«ts 
may be sumrlslS given our earlier statements about the Indirectness of the Irnpact of 
t«t^s des S for%rogfam monitoring and accoumablllty. However n formative 
l„Ji..aHnn makPr IQRS^ and In school-based Improvement efforts built around 
-eftct iTsctt (ESndt 198^^^^^^^^^^ & Brophy. 1986; Purkey and Smith 1983 and 
-SaMeachJns" (Hunter, 982), content assessment serves )ust this purpose Ihe 
dlS^^^^^^^^^^^^^ o7?hls type of instructional tesung l^^^^^^^ l?u'Slev1/^ 
but that group-level (work group, classroom, school) rather than student-ievei 
performahce data are usually employed (Burstein, 1984; Burstein & Miller, 1983). 

What may not be evident Is that the same content assessment system can scive 
several purpose ^ Co lege placement testing represents an Interesting case In this 

d Th?se tests ostensibly operatlonallze the expectations that colleges and 
unlversltks favTfo^ When the test specifications and ^'esuUs 

from hSrwadu^^^^^^ are reported back to feeder high schools, the test can serve also to 
expTlclUy comS^ that foster curriculum revision at the secondary 
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level. Ttie appropriateness and utility of such revisions will be a function of the design 
and careful specification of the tests. 

„da»«1,eras^««^^^^^ 
rhetc^rTofour conrvlH^tlt' e^^^^^^ 

J^«S?^rt3£^ 

f^^'S^rolTSut ?n"d«^^^ 

cmrlcula tcrain of the current Investigation. 

Multiple Meanings of Content Validity 

Significant problem resides In f""^!?.'^^^"**' '"^^^^^ need to be designed In 

tests Intended for Instructional decislon^^^ knowledge 

^i;^' ' T ^ntd'X?cUrt'o?SX^^^ andVtlvltles (Bock Mlslevy & 

that can be "nked directly to '""'""'^"^iJ^^^^^ be Instructlonally sensitive (unlike 
Woodson. 1984; Shavels^^^ must not encourage 

Sec^TacS^^^^^^ - ^'^"^ ^^P^"^ "'^^^ 

competency oriented ic tlvltles). 

stra(ghtforward activity takes on complex meanings. 
Internal Analysis of Test Content and Structure 

modern variants from a criterion »' Information 
^r^^ng'^sA'«WeTe.^B"&^°Se?^n?\t Calfei. 1983, Romberg 

and Carpenter, 1985). 

While documentary evidence Is to find »nv^^^^^^^^^^^ 
Item development, there Is sUppage '"'^ ^~'?„«f?yPf„''^^^^^^ precise 
developers (whether ^""'"f^'!' °/u|°''b'o^^^^^ difficulties and the 

specifications of one sort or the other, '^^"™,^''l^"^,.„ ,„ult in a drifting away 
empirical activities typically '^SlS^^^^^ are harder to measure 

from certain "cells" of the '""''XlemsoK critical thinking aspects of 

through selected response formats „ corSes to the 

,uule5 matter). Moreover S'?e " 'aaofthe g^^^ 

S'S'lJilh^^ aT "ol ?e"s?sC^'^ ?o"rs5?e«across a spaS^of bourses or grades. 

in our view, matters such « <'!||''S~"n *e gw" InreaXr 



creater between-state variation In the depth and breadth of the content .ou than 
there was In the topics chosen per se. By depth we mean the Inclusion of a sufficient 
number of test Items within the topic (and subtoplc) to be able to assert that the 
coment label attached to the topic Is a valid descriptor of what might be represented by 
a student's score on the topic. For example, are there a sufficient number of items to 
reliably Infer whether the student can carry out conversions between decimals, 
fractions, and percentages? 

In our terminology, breadth refers to the adequacy of the leprcsentation oi the 
ranee of conceivably important subtopics within a topic and of the range of topics 
within the content area for the chosen subject matter and grade or age span.Vot 
rxamole "fractions" at the middle school level Includes both common and decimal 
fraZns; thus a test designed for this level should include items representing both 
subtoplc . Likewise, It is Inconceivable to entirely exclude ratio, proportion and 
peSage problem from tests covering eighth grade mathematics t^t^jh^n ?n lilnn 
frartlons topics since the former is directly linked with the latter in typical instruction 
in the middle school years. 

The issue of appropriate sequencing of content within a series of tests is related 
to breadth of coverage on an Individual test. When the content span of courses s 
broad as in eighth grade mathematics In the United States (McKnight et al.,1987), the 
sequendng concern translates into making sure that, depending on the P"[Poses of a 
«l3en te ? items should be included that measure what students might mlriimaHy know 
fhroueh wl^at a significant segment of students might have been taught. At this age 
cvTShe range especially Sroad since there are still significant numbers of students 
doir^i atitStlc while maXy at this grade level are taking elementary algebra courses 
(CrSsswhlte eral.; 198^ Thus a test that serves a diagnostic function across potentially 
multiple courses at this level needs to be especially broad. 

The issues In examining the internal coherence of a content assessment are 
complex Hence, the array of possible strategies for conducting internal analyses of 
S «ts is likely to be large and diverse. Here, again, matters of purpose and he 
nature of the desired Instructional decisions and Instructional consequences will 
determine the chosen strategies in any specific instance. 

Actual or Implemented Curriculum 

Three external sources of evidence would seem to be pertinent to ascertaining 
the content validity of a given test for a specific set of instructional purposes. First, 
content assessments can be examined with regard to their match to the actual or 
frplemente "S^^^^^ But, while a close fit to what is actually taught is certainly a 
Sable pmiSty of any educational test, the effort to validate content assessments at 
?hls level of spedfidty Is fraught with problems. The nature of evidence required 
deS on oSe^chc^^^ of definition of actual/Implemented curriculum and on one's 
wimnfiness to employ potentially costly means for Its measurement (e.g., classroom 

StfonMeac^her^Sgs, teach'er surveys, tr^'^^'^^'^'r ;.d^oTrmonJ'^ 
alternative measurement methods mentioned pose different tradeoffs among 
psychometric quality, administrative burden, demands on teacher time, and costs. 
Under such conditions. It Is little wonder that the matching of tests to 
actual/implemented curriculum has remained primarily a research rather than an 
operational exercise. 

Curriculum Expectations: Explicit Desired or Intended Curriculum 

A second source of external evidence comes about through efforts to match 
content assessments to the desired, or Intended, curriculum. Here the question Is: 
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Does the test measure the significant knowledge and skills enunciated In 
curricular standards (I.e., what people say students should learn or know)? 

Desired or Intended curriculum Is derived from the curriculum expectations 
expressed in curriculum guidelines (contlnua, syllabi, scope-and-sequence statements) 
and in various forms of public statements about curriculum standards (e.g., the Model 
Curriculum Standards adopted by the California State Board of Education, 1985) and 
academic preparation prerequisite to college (e.g., the academic competencies 
articulated by the College Board's Project Equality [1985], Agenda for Action from the 
National Council for Teachers of Mathematics [1983], and Educating Americans for the 21st 
Centurv prcduccU by ine National science Board Commission on Precolleglate Education 
in Mathematlcs,Sclence, and Technology [1983]). 

As the numerous cited examples may suggest, however, a critical question Is 
whose expectations from among a myriad of choices should the test match? In the case 
of content assessments designed to serve as a bridge between secondary and 
postsecondary mathematics, for example, sources of expectations Include precolleglate 
and postsecondary educational institutions and governing bodies, different 
governmental levels, professional organizations, testing organizations, mathematicians, 
mathematics educators, and curriculum specialists. 

Other Tests: Implicit Desired u. Intended Curriculum 

Other external Indicators -c performance In the targeted subject matter are the 
third possible source of external evidence of content validity. Here, the question Is: 

Does the test measure the significant knowledge and skills embodied in other 
accepted indicators of ability In the subject matter area? 

Once, again, the range of possibilities Is considerable, at least in the abstract. 
The contents of commercially published standardized tests, alterion referenced testing 
Item banks, state assessments, minimum competency tests, the National Assessment of 
Educational Progress (NAEP), college entrance examinations, and tests from the 
international surveys of educational achievement (lEA) could all conceivably be 
compared with those of a given content assessment. 

Operational and Practical Considerations 

In practice, the scope of the content validity evidence one gathers should be 
determined by the precision necessary for the instructional decisions to be made. In 
cases where decisions based on test performance are exclusionary, as In placement Into 
curriculum tracks and courses of study, the evidentiary demands should be high. When 
other sources of Information are also Involved !n arriving at Instructional decisions (e.g., 
the teacher's own testing and observations with respect to diagnostic decisions), the 
acceptable margin of error in estimating a test's content validity Is likely to be larger. In 
this case, the Investment In evidence gathering should be relatively modest, assuming 
that the teacher Is capable of accurately judging student competence and skill. 

Within the constraints of the kinds of content assessments under consideration 
here, and their possible Instructional uses, we believe that the content validation effort 
should focus primarily on examining the validity of the test's Internal task analysis and 
test structuring schemes and on comparisons with curricular expectations and other 
external Indicators. These three sources of evidence are most consonant with the 
Intent of the specific content assessment tests to be examined below and best balance 
the tradeoffs In human and economic costs to achieve the desired goal. 
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Mathematics Bridging Tests 

The content validity analyses to be discussed below were conducted as part of 
»hP RriHainc Secondan'-Postsecondary Mathematics Study, or more succinct y, the 
M^mffi Brld^^^^^^ Before proceeding with the discussion, we briefly describe 
me S It"^^^^ orlim and Characteristics of the specific content assessment 

whose validity evidence we examined. 

The Mathematics Bridging Study 

Tho Mathpmatlcs Brldclne Study Is designed to Investigate the feasibilily of 

The Mathematics Diagnostic Testing Program 

nnr Pfforts to investleate the properties of such a multi-purpose testing system 

mathematics. 

H«cV.c i« nhtainpd from tests deve ODCd and scored by MDIP. inis testing servitt i» 
p»vfded ^ n?d?rettTosT,o secondary school teachers or their students, «ho 
participate voluntarily. 

rnrrPntlv the MDTP is a unique undertaking.^ It Is designed to span the chasm 

valid instructional diagnosis and for better placement. 

One of the most unique aspects of MDTP as currently operated lies In Its direct 
ilnk wlt^secltryTh^^^ „,e Item 
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participating In 1988-89. 

While concrete, explicit statements about wt^t MPTP ^^^^^^l^^'l^^^^ 

were hard to locate at the time this studV ."of tSc r eSor?s a swell as 

the university mathematicians hope will be the/onscquc of their 
those of other mathematics rciuiiui in »^«illfornla. Namely. 

1 Teachers In iowcr-lcvcl mathematics ci wcs will f Intake the necessary 
rem7 on to ensure that their students have a firm grasp of the 
rSTtl -cs necessary to succeed In higher level mathematics; 

2. Stuuuus ^(..ng on to higher level mathematics courses enter these courses 
better prepared; 

Teachers In higher-level mathematics classes adjust their teaching to 
Iccommodate improvements In students' mathematics preparation at lower 

levels; and 

students exiting from the secondary school mathematics are better prepared 
for college. 

rivpn thPSP desired coals, an examination of the relationship of the contents of 

Content Validating the MDTP 
Below we illustrate a three-part model for the content validation of bridging 



tests: 

a. 
b. 



internal analyses of the MDTP tests, 

a comoarison of their contents with a variety of statements of desired 
curSum anS preparation at the secondary and postsecondary levels, and 

c. a comparison of content with other mathematics tests given at the 
secondary level. 

Below we briefly describe the procedures employed to carry out each type of analysis. 
Procedures 

given level. 

Test items were written by members of the MDTP working group according to a 
general set*dn«tTpTciflcatlons devised by the group. From a psychometric, test 

8 
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development perspective, the level of specificity of the Item writing guideline^ appears 
uneven especially when vlewe across test forms. This unevenness reflert the 
wSk group members' strong commitment to measuring concepts and Jhey. 
viewed as Imp^^^ for later mathematics training and to using Items ot^l/^iyhere tjie 
concepts beZg measured could be clearly identified. As a consequence of the large 
JonfeS soan of the four test levels, one also finds rather detailed specifications of 
Sn top « on the lower level tests (e.g., arithmetic algorithms and operations) which 

on"ly Ughtly covered In upper level tests. opposite phem^^^^^ Is also in 
evidence with respect to the topic algebraic equations, for example. 

Another obvious feature of the tests and test specifications provided by MDTP Is 
that the wo klnV^^oSp m^^^^^^ did not formally use the classic CTOss-classIf cation of 
cont m and p?«SXenslons. Instead, the tests were built ^ "if.^;^^^^^^^^ 
ronceots and alRW applications. The primary means for Introducing higher 
^omXe lSvel tes terns were through brief word problems and graphical 
JepTesStir^^^ algorithms. Very few multi-step problems were employed. 

We will return to these observations later in our analysis. 

in our work, we began with test specifications provided by the MDTP working 
ornnn We deddcd early on that the set of topic categories to be used for Item 
? assmca^on neeSed r all four test levels. Moreover, for a variety of reasons, we 
wXd ?o use as^f^^^ categories as possible while still conveying the nature of the 
mathematl« test^ SIncI roughly 1. SO distinct topics were contained within the test 
JipHf^aJlons a?^^^ the four levels (listed as separate categories at at least one level) 
fnd there were 0^^^^^ ab^S unique Items aaoss all test forms, it took several 
'^tlinnt tn achieve s^ff consensus on a set of topic labels at our most precise level of 
Dec li^^^^^^ Furthermorl aTp^^^^^ the process, we decided to abandoij ?"f ""P^V^to 
H?,pr* V inreX^^ level dimension In our topic list but rather to 

tpl^seC^e mea^^^^^^^^ where word problems and graphical representations 

of algebraic algorithms occurred. 

onH rP^iiit of thi^ effort was a set of 13 topics at the highest level which 
lndude?il sub^^^^^^^^^^^ wh c^ intrn s^^^^^^^ 87 subtopics at the most detailed level o 
oedfldW tK^ scheme for dasslfying MDTP test tems Into our vers on of the 
MDTP sSd is depicted in Tables 1 through 3 which will be discussed below This grid also 
was pu? to use In later examinations of the currlailum statements and other tests, 
activities that will be desalbed in the following sections. 

MDTP vs. Curriculum Statements. The contents of the MDTP tests were 
compared with four separate statements of desired curriculum expectations: 

a National Science Board Commission on Precollege Education in Mathematics, 
science and Technology. (1983). Educating Amencans for the 21st century. 
Washington: National Sdcnce Foundation. 

b College Entrance Exam Board. (1985). AcMc preparatioris i^^^^^^^ 
Teaching for transition from high school to college. New York: College Board. 

c California state Board of Education. (1985). Model curnculurn standards: 
Gwdel 9 through 12 (1st ed.). Sacramento: California State Department of 
Education. 

d California State Department of Education. (1985). Mathematics framework: for 
cSnia Ulic schooh: Kindergarten through grade twelve. Sacramento: 
California State Dept of Education. 

The procedure went as follows: 
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"^^^P^^ . niS-rSU as 

scheme: an e.^cme„.s of^ach « ^^'^ '/„texpcr.ence with the language oi 

JJ?^?rem»\S &,a...n in so.e cases., 

The procedure outlined resulted In two products: 

, .n each of four Curr.cular Expectation Statements by 

1. a table of '''"'"^Vabre fin A^^^^^^^^ 

international Mathematics StuansiMo^ ^j^^^^^ and 250 12*^1 gra^'^ design 

samples of — 

taking mathematics at a* lejsi u approximately the same raiiK 
of thi SIMS tests was them are that he f ^h^rade SIMS test 

s'mrough 8 in Appendix A. 

. Srirco»rthT»^^^^ rr 

given test source or form. ^^^^ ^^^^^ ^^^^ ^^^^ 

Department of Education 
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crade students are assessed. The 8th grade content specifications ^ere estaWished in 
f984; there was some linkage between the CAP test at this level and the SIMS tests. 

i« *ua MDTP to CAP comoarison, it was not possible to examine individual CAP 

!^us ISTcompar* on In this case Is aude at best (see Tables 12 and 13). 
Results 

The tables presented In this section arc organized around the «h[<«i»'' P'""^^ 
of establ^hlng conS ""dlty PJP-d here: — -^Xcffi' "ic 
Ss"'^!Il ^'e'&rtrS:?';sCentd"m"^iy^J'^ our approach to 
content validating a multi-purpose test. 

questions: 

Table 1 Which topics are covered by each of the four 

MDTP tests? 

Table 2 For each MDTP test, how many items cover each 

of the major topics? 

For each test, how many different subtopics 
are covered by those items? 

Table 3 Of the 21 different topics covered by the 

four MDTP tests, ... 

How many topics were covered on each test? 
How many topics were covered by each pair of tests? 
How many topics were unique to each pair of tests? 
our interpretation of the results f'om this set of tables to^^^^^^^ '«>m 

level exams' In fact, the Intermediate Algebra and PreCalwIu^^ t,ll a fe^ items from 
r^'pS llau'oM ^"ttrro'Scs We'SsT^rs wtth heavy 
coverage of relatively advanced functions topics. 

The degree of sequencing and overlap In topl«^^^^^^^^^ 
3. The dlstrlbStlon of items to topic evolves as on^ ,^ 
rough content hierarchy exhibited In Tables 1 and z. mere is a >icduy j 
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amount of topic overlap as the separation between test levels inaeases (Table 3). A few 
topics are unique to a pair of levels. 

Looking over the test items from a process perspective, other patterns tend to 
emerge. There are lots of algorithms represented at all four test levels with little 
emphasis on estimation and approximation skills. Computation, in and of itself, tends 
to be minimized; rather recognition and application of algorithms is the key underlying 
skill that these tests attempt to assess. So-called critical thinldng or problem solving 
skills are not particularly well represented except through relatively short, 
straightforward word problems that are sprinkled throughout, especially at the lower 
test levels. There is, however, considerable attention to graphical representations of 
various aleoHthms. This somewhat surprising given the obvious attempts to cover a 
broad array of content in an efficient and parsimonious way, as reflected in the 40-50 
item tests designed to be taken during a single class period. 

In general, then, the internal analysis suggests that the MDTP working group's 
intevestin efficient assessment of the knowledge and skills that students are expected 
to learn prior to college-level mathematics Is faithfully transmitted through their tests. 
No tDplc ^eceives too substantial coverage; one cannot hope to be deep when the 
target body of content is so broad and testing time so limited. Not much time is devoted 
to complicated multi-step problems and long word problems; the former might be 
awkward to fit within the diagnostic int it of the tests and the latter simply take too 
much time. What little emphasis enteri in on alternative representations of concepts 
and algorithms occurs largely through gr^ohical representations of algebraic algorithms. 
This is a sensible choice of what some might view as abstraction (or concreteness, 
depending on one's perspective). As students progress in mathematics, the ability to 
operate with both algebraic and graphical representations of problems becomes highly 
prized. 

MDTP vs. Curriculum Statements. The MDTP test topics are compared with 
the four different curriculum expectation statements in Table 4. These statements have 
been appended to this document (Appendices B-E). The results in this table address 
the following questions: 

Which MDTP topics match which elements of the curriculum statements? 

Which MDTP topics were NOT addressed by the curriculum statements? 

On which MDTP topics was there agreement among airrlculum 
statements? 

Examination of Table 4 reveals that some curriculum elements cover several 
different MDTP topics and are thus entered in several cells of the table. Some of the 
elements of the NSF and the College Board statements used identical v/vording and thus 
matched the same MDTP topics. As might be expected, the Model Curriculum and 
Framework statements were quite similar to each other, although the Framework 
included information about the Junior high school level, some of which was not covered 
by the Model Curriculum statements (only grades 9-12). 

We encountered substantial difficulties in matching some curriculum statements 
to the MDTP grid. The NSF curriculum statements were the most troublesome to match 
because of much vague and broad wording. In the appendices, we have tried to convey 
the difficulties in matching. A V before a statement Indicates that part of an element 
matches the MDPT topic but one or more significant parts of the element are not 
contained In the MDPT topic. For example, from the California Mathematics 
Framework, statement J-N8 calls for finding the square roots of whole numbers, fractions 
and decimals whose square roots are rational; and to estimate irrational square roots as a 
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check of results obtained with calculators. This element overlaps the MDPT topic 
"square roots of perfect squares" but entails much more, which is not covered by MDPT 
topics. 

There was also a considerable amount of desired curriculum statements that were 
not covered by the MDTP. The non-covered elements are marked with an in the 
appendices. Fifteen of the 41 elements from the NSF statement, 8 of the 24 from the 
College Board, and 19 and 32, respectively, from the Model Curriculum Standards and 
Mathematics Framework are not clearly represented in the MDTP grid. Some of the 
non-coverage is understandable since, for example, the Framework Includes topics in 
logic, probability and statistics, which the MDTP tests do not assess. Another reason for 
lack of coverage by the MDTP of intended curriculum is that some curriculum statements 
focus on processes and procedures (e.g., "using calculators to...") rather than content per 
se. 

MDTP vs. Other tests and Categorizing Systems. The final group of tables, 
Tables 5 through 13, summarize comparisons of the MDTP test Items with several other 
tests and item categorizing systems: 

- MDTP vs. SIMS 

- MDTP vs. Bock's Duplex Grid 

- SIMS vs. Bock's Duplex Grid 

- CAP 

The discussion of results will be divided along these same lines. 

1. MDTP vs. SIMS. Tables 5 - 9 analyze the content of the SIMS items and 
compare the MDTP with the SIMS categories. The questions addressed by these tables 
Include: 

Table 5 How many SIMS items match each SIMS category (topic) across three 
hierarchical levels of cognition for the 8th grade population (i.e., 
what skills and topics are tapped by the SIMS[8]?)? 

Table 6 How many SIMS items match each SIMS category aaoss three 

cognitive levels for 12th grade (I.e., same as Table 5 but for 12th 
grade)? 

Table 7 How many items from each MDTP test match each of the SIMS 
categories, at each cognitive 
level? 

Table 8 Focusing on the Algebra Readiness test of the MDTP battery, which 
items cover each category, at each cognitive level? 

Table 9 Focussing on the Elementary test from the MDTP battery, which 
items cover each category, at each cognitive level? 

Contrasting first Tables 5 and 6 with Table 7, there is considerable overlap in 
topic coverage in most areas, especially in the Arithmetic and Algebra sections of the 
SIMS grid at the 8th grade level. In fact the lower three levels of the MDTP battery arc 
well-reflected in the 8th grade SIMS grid, perhaps a reflection of the pace of American 
secondary school mathematics compared with other countries. There is also especially 
spotty representation of Geometry and Measurement topics. The former might be 
explained by the fact that the SIMS grid in this area spans a broad range of topics, few 
of which are universally part of the geometry curriculum across countries (see McKnight 
et. al., 1987). The measurement results reflect the distinctions In the emphasis on 
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metric topics plus the fact that much of the MDTP topic coverage at the lower levels is 
targeted to preparation for and In algebra. Tables 8 and 9 reinforce these Impressions 
about the lower levels of the MDTP battery. 

The match at the SIMS 12th grade level Is much less pronounced; essentially the 
match occurs only in Algebra topics, trigonometry, and elementary functions in the 
Analysis area. This result was not unexpected given the considerable emphasis on 
ralculus topics at 12th grade SIMS iwhich remains largely uncovered by the MDTP test 
battery. 

2. MDTP and SIMS vs. Bock's Duplex Grid. Table 10 compares MDTP Items to 
the DUPLEX categorizing system, which is based on two stated assessment plans for 
which items are not yet available for direct comparison with the MDTP. This table 
addresses the question: 

How many items from each MDTP test match each of the DUPLEX 
categories, at each cognitive level? 

Table 11 compares the SIMS items and categorizing system to the DUPLEX 
system. It addresses these questions: 

Which SIMS categories match the DUPLEX categories? How many SIMS 
items match each of the DUPLEX categories? 

Here, again, the Mt>TP tests are spotty in Geometry and Measurement and 
devote no items to probability and statistics at all. But the Algebra topics are well 
represented aaoss all four MDTP tests, albeit at systematically varying levels of 
difficulty. In contrast, the longer SIMS test item set covers virtually every topic in the 
grid at all three cognitive levels. 

One notable point that becomes more evident from classifying the MDTP items 
into the Duplex grid is that for the most part, the MDTP tests measure procedural skills 
(algorithmic applications primarily) and what Bock and Mlslevy call higher level 
thinking. The latter reflects primarily graphical representations and short word 
problems as identified earlier In the internal analysis. Aaoss all four tests, we found 
very few Items that could be clearly classified in the factual knowledge category (e.g., 
terms, definitions, concepts); those that were were heavily weighted toward fractions 
and geometry topics. 

One other point about the Duplex grid is worth mentioning. We experienced 
some difficulty in handling MDTP topics such as exponents and powers and absolute 
values. Different mathem^dans and mathematics educators define topic boundaries 
differently. Sometimes s topic label Is too telegraphic to enable one to detect whether 
the term is being used consistently. We believe that that is the case here. While they 
elaborated on what the cognitive level category labels meant In their paper. Bock and 
Mlslevy (1986) apparently assumed that the content categories were self-explanatory. 
In general (and In this sp(2Clfic instance), this assumption Is likely to be unwarranted. 

3. CAP. Tables 12 and 13 present the content of the CAP math items according 
to the CAP categorizing system. Analysis of and comparisons to this test are limited by 
the unavailability of the items for sautlny. We do, however, provide the more detailed 
content specifications for the 8th grade CAP In Appendbc F. These tables address the 
questions: 

How many CAP items (% of total) cover each of the CAP categories 
(Grade'8)? 
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How many CAP items cover each of the CAP categories (Grade 12)? 

The match of MDTP with CAP Is difficult. CAP specifications, especially the 
detailed ones in the appendix, tend to be broadly Inclusive and cover skills that are 
evidenced across several subtopics. Moreover, there are specifications in the area of 
problem solving clearly not reflected In the MDTP grid or In many of its items. 

These difficulties notwithstanding, our sense is that CAP and MDTP items match 
li" "PP^'-'^vel Arithmetic topics (CAP'S categories of Numbers and Operations vs. 
MDTP s Fractions, Dedmals, Proportion, Percent) and in lower level Algebra topics. The 
match Is poorer in Geometry and Measurement for reasons already stated, and non- 
existent in CAP'S categories on Probability and Statistics, Tables, Graphs, and Intecrated 
Applications, and Problem Solving. * 

The above discussion focuses on 8th grade CAP. At the 12 grade CAP, the 
situation Is much worse unless one compares with the MDTP Algebra Readiness tests 
only. But this is precisely the most reasonable comparison. The version of the 12th 
grade CAP Included here Is essentially a basic skills test, designed to measure the 
mathematics all students might be expected to know upon high school graduation rather 
than the contents of high school mathematics courses taken in preparation for college. 
Once the CAP 12th grade test Is revised to better represent the whole of secondary 
school mathematics (this revision is currently underway), one could expect the match to 
be more comprehensive. 



Issues Raised by the Content Validity Analysis 

Without going Into much detail regarding the specifics of our content validity 
analysis of the MDTP tests, we did encounter several Issues that suggest that the task of 
content validating a multiple purpose test of this sort is not likely to be a straightforward 
task. Some of the reasons for the difficulties Include the following: 

a. In the first place, we decided to define the content spanned by all four 
MDTP tests since our goal was to examine the validity of the use of these tests In 
preparing secondary school students for postsecondary mathematics. With this goal m 
mind. It Is not sufficient to attach one of the MDTP tests purely to this goal and 
specifically to any single secondary school mathematics course. Students following 
different routes through the secondary school mathematics curriculum can still be 
judged from the perspective of the expectations for pre-colleglate mathematics 
preparation even though those choosing different college majors might require quite 
different levels of knowledge and might receive substantially different poststcondary 
training. The knowledge level of Interest here might be termed "high minimal 
standards* In mathematics for the college-bound student rather than for either the 
mathematical sciences specialist or the general populace of secondary schools. 

b. The decision to develop a content classification that spanned the four tests 
Introduced certain additional complexities. While there were clearly overlaps in the 
contents of adjacent tests at a general topic level, the more fine-grained the 
specification, the smaller the overlap became. In part this arose because skills from the 
lower level tests appeared In less precise specification in higher level tests; this was 
only natural as the higher-level tests typically Included Items that Involved the 
combination of multiple lower-level concepts and skills. Moreover, an "Inaeasing 
degree of difficulty" factor also was built In to reflect the assumed Inaeased 
sophistication of students who would be taking the upper-level tests. 

c. After several Iterations, we managed to "narrow" the content classification 
scheme to approximately 85 separate elements and classify the approximately 220 
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items from the four MDTP tests accordingly. Our separate elements were primarily 
content focussed (I.e., specific concepts, skills, and algorithms). 
Graphlcal/flgural/geometrlcal representations of algebraic and algorithmic concepts 
juxtaposed with their symbolic and numerical counterparts and simple word problems 
were essentially the only attempts to move Into the aitical thinking, problem solving 
domain. Our sense was that this is about as close as the university mathematicians who 
develop the MDTP tests ever come to a process-oriented specification of their test 
contents. 

d. The effort to compare contents of two tests designed for different purposes 
and by different groups i,» hard enough in and of itself (we found this out in attempts to 
compare state assessm in^ tests). We stretched this effort much further by attempting to 
compare not only tests out tests with distinct curriculum expectations expressed at 
various levels of spedfldty and generality. Different groups also speak about the same 
content using quite different language. There simply is no single universal classification 
of the "possible" content of secondary school mathematics. Thus we have no universally 
agreed upon standard to which to compare our own effort. While our work is far from 
"seat rfthe pants", it is not by any stretch of the imagination, straightforward. 

e. California's leadership in tackling the improvement of the secondary school 
mathematics instruction has created its own special problems for our validation efforts. 
On the one hand, the whole MDTP effort fefoiward thinking in that the bridge to 
better articulation has been Ciearly established b/ the postsecondary sector. There is a 
real commitment Dy university mathematiciaitf to improving secondary school 
mathematics instruction that is still exceedingly rare in other content areas and in other 
parts of the country. The MDTP tests, the focal point of this bridge, truly reflect the 
knowledge and skills which the persons responsible for mathematics course offerings In 
two four-year public university systems believe are needed for postsecondary 
mathematics preparation. The tests and the content specification behind them were 
prepared from the perspective of the postsecondary discipline as they believed they 
should be conveyed to secondary school teachers. 

On the other hand, reform efforts evolving through mechanisms established by 
the California State Board of Education and the California State Department of 
Education are driven by the field as defined by mathematics educators and the 
mathematics associations for secondary school mathematics teachers and curriculum 
specialists. The directions these groups are aiming are less strictly focussed on traditional 
content Issues. Rather, their statements evidence more emphasis on the processes for 
learning mathematics and for enabling students "to understand mathematics" and 
become better problem solvers. Less emphasis on computational and algorithmic skills 
(because calculators and computers will do the actual number crunching) and more 
emphasis on "number sense" (e.g., mental mathematics such as estimation and 
approximation skills) are today's slogans for this segment of the mathematics 
community. They also champion building into the curriculum data analytic skills 
fostered by more probability and statistics training. The recommendations of this 
precoUegiate sector of mathematics educators has already begun to aeep into the state 
testing activities in California and with the new textbook adoptions will become a more 
central part of the curriculum. 

Tlie efforts desaibed thus far are operating on separate tracks with the same 
general goals and purposes (improved mathematical understanding and preparation) but 
with different presaiptions for achieving them. At the secondary level, mathematics 
teachers, and as a consequence, their students, are caught in the middle as It is unclear 
whether the knowledge/skills/product focus of the postsecondary mathematics sector Is 
consistent or in conflict with the understanding/number sense/process thrust of the 
recoUeglate mathematics education leadership. 
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»MifiJ!?A^!!fl' "^"'fWkely to be able to deal with the latter question untli 
fn P S Ml^f??^^^^ r*!? *5SP'ecolleglate defined r" are Lrly 

rnnfl?^ r^uL ^"i' administered. In the meantime, however the aoDarem 

conflict raises questions about how much we should expect over an in the ciim^ 
expectations between MDTP tests and other reform efforts. ^ curriculum 

At this point, our belief, developed In part from the MDTP content v^UtUt^ 
analysis. Is that If test Information Is referenced to suWecTraaLr S 
notpSn"?? *° *he actual Instrirtten sfuden^s re^^^^ ' 

KfoHmrtl/^' improvement in student performance Is more probable fecus oi^ sneclfic 
mpA^l"' instruction Is more likely when a measure Is spedflc rather th^n ^w^en 
the measure reports general student capacity. 

Concluding Comments 

Reflecting on the process by which we arrived at Tables 1 through 3 several 
obvious points about the difficulties of developing consistent guldel nes for lnt«^^^^^ 
analyses of content validity were revealed. As*^be?ame even more eS 
comparisons with other tests, the task of defining "a topic" is h^dlydel^^^^^^^ Our tables 

into larger bundles In certain analyses were not completely satisfactory 

our anahJSl:'' Wp'HS'nlM"? ^""^ f^'^^^^' ' P'o*''^"^ accentuated throughout 
y through several Iterations of the content classification scheme to 

remove as much ambiguity as we could. While the current labels were iene^^^^ 
suff dent 0 tell what type of questions might be Induded with InThelr^W w^ are not 

Inlr ^i?"' ^'^'^ ^^' ''""^ t0P«« in the same way ^ockrhvlously 

d dnt). Nor would different Judges dasslfy the Individual Items In exartly the same w^^^ 

SnThVg5d'" ""^ shlftlnTcelLn IterSi ""'^ 

These types of problems would seem to be endemic to analyses of the valldltv of 

labX fchem« "Jh^it Jl^n^Jl' '^^f "^y. l"*'"^ experts^ da sslficatlon^anJ " 

«?fir,ii . '"f^ captured by any grand, universal system. The 

categorlzer s role, perspective, and personal systerSs of relative valulnB of content 
Invariably Intrude as the distinctive, often unique features of sped f ?1extbool« and 
Neve^h^iP^^ ^^^^^ ^" of cont nt readll^^^^^^ 

tests aSd tSfhoX'w^ regularities across the array of classification schemes 

IniLp^ ,rp h?,'S'"f'^»n^^'^ ^* mathematics. Thus attempts at such 

i^^^uJu *he Issues are complex but attempts to address them 

thoughtfully have potential direct and secondary benefits to Improving the cS^ 
irpro"vemem^^ *° ''"^^ ' '»"»«P"n)ose role In educational :!fZ and ^ 
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Footnotes 



^ One cannot help but wonder whether this is the fate in store for the current 
effort to expand the role of the National Assessment of Educational Progress to serve 
what may be conflicting political and educational purposes (Burstein, 1986). 

2 Although curriculum embedded tests (in textbook.^ and workbooks) might be 
iudgod to fall within the Isounds of the above chaKMt^rl7at/tfn, we explicitly exclude 
them from the present analysis. Although such teste ate 4«veloped externally, their 
intent is to renect instruction almost tautalogically under I'deal" circumstances. These 
Ideal circumstances exist only when the teacher chooses-to tCach a unit from a given 
textbook and then proceeds to test whether students have grasped the material and the 
contents of the curriculum-embedded test validly relate to the curriculum material the 
test is supposed to represent. Recent work by Linn and researchers at the Center for 
the Study of Raiding addresses the current status of curriculum-embedded tests. 

3 There d*e-other ongoing efforts designed to Improve precollegiate mathematics 
preparation and school-university articulation launched by the higher education 
community. Fyamples include the development by Ohio State University (Leitzel, 1985) 
of the Early Matnematics Placement Testing program for high school juniors and new 
senior-level courses for underprepared sht4ents who intend to go to college, and the 
New Jersey College BasJc Skills riacement Test, developed by the state's Department of 
Higher EduraWoh dua administered to every entering public college student (Morante, 
FaskoW, & Menditto, 1985). But we are not aware of any other mathematics 
preparation reform built around testing that places so heavy a reliance on the 
willingness of individual secondary school teachers to voluntarily participate. 
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Appendix A 




TABLE I 

TOPICS COVERED AND THE DISTPIBUTION OP TEST ITEMS 
FROM THE MATHEMATICS DIAGNOSTIC TESTING PROJECT* 



AR EA lA PC Total 



[. INTEGERS 

. Basic operations with signed numbers 7 21 



, Prime factorization 
. Number line 



27 5w I 

8w 22w 1 6 

12 20 I 2 

9 35 43 _ _ ' L 

Block Total 10 1 ^ 



II. FRACTIONS. DECIMALS. PERCENT. RATIO. 
PROPORTION 



24 ! i 



. Equivalent fractions 
. Addition and subtraction of fractions 18 42 15 j ^ 

. Multiplication and division of fractions 29^11 21w 



. Order and comparison of fractions 



19w I 6 

37 41 ! 2 



NOTES: 

1. The numbers in the table refer to Item numbers from the 
alte;nate Jest forms used by MDTP. While certain of t»ie test, 
had three alternate forms. In actuality, a majority of the items 
were exactly the same across forms and even ^ 
changed. It typically covered the same topic. When an Itea on a 
JoplS aipeared on only a single for.. Its fom nu»ber Is given 
fol owtnr?he item number (etg., "12." in the flj^^J?^^; J^^" 
column that Indicates that Item 12 on Form A of the Elementary 
AlgXa test measured the topic "multiplication of a monomial 
with a polynomial".) 

2. The test designations are as follows: 

'AR*; Algebra Readiness 
'EA': Elementary Algebra 
•lA': Intermediate Algebra 
'PC': Precalculus 

3. 'r' means the test Item Is listed under more than one topic, 
'w' means the test item Is a wrd-problem Item. 



ERIC 



e4 i.r. r , . ^ EA lA PC Total 

. Simplification of complex fractions 31 i ^ 



Sub-Block Total (12) (2) (u) 



. Addition and subtraction of decimals 13 5 

. Multiplication and division of decimals 17 25 2b 

. Estir-^tion and approximation with 32 
decimals 



3 
3 
1 



Sub-Block Total (5) (2) (7) 



• Conversion between fractions and decimals 2ac 

• Conversion between decimals and percent 26 

• Computations with both decimals and 
fractions, rounding off AS 



2 
1 



1 

Sub-Block Total (2) (2) (4) 

. Percentage 10 AAw 29 30w | A 

. Proportion 30w A5w 32cw 38w 28w \ 5 

Sub-Block Total (3) (2) (3) (1) (9) 

Block Total 22 8 3 1 34 
[II. EXPONENTS, RADICALS AND SQUARE ROOTS 

. Laws of exponents 18 28 10 | A 

. Powers of 10 and scientific notation AO A7 38 A | A 

. Exponentiation with Integral exponents 2Sr 3A A 8 13 ' s 



Sub-Block Total (A) (3) (4) (1) (12) 



. Square roota of perfect squares 23 A8 9 

. Simplification of square roots 28 

* Addition and subtraction of square roots 11 

. Multiplication and division of square 2A 16r 

roots 



3 
1 
1 
2 



Sub-Block Total (2) (A) (1) (7) 



• Conversion between radicals and exponent! 34 

• Rationalization J the denominator 31c 7 

3n 



1 

2 



AR EA lA 

. Addition and subtraction of radical 
expressions 

. Numerical calculations with rational 
exponents and radicals 

. Algebraic calculations with rational 
exponents and radicals 

. Factoring and simplifying an algebraic 
expression involving rational and 
literal exponents and radicals 

. Estimation and approximation with rf •'icals 

Sub-Block Total 

Block Total 10 8 12 



7 16r 
31a 

31b 
23 

33 



PC Total 
6 ! 1 



2 
I 



18 



1 
1 



3 ; 1 

(i) (7) (A) (12) 



35 



IV. POLYNOMIALS 

. Arithmetic operations involving 
literal symbols 

. Simplification of a polynomial by 
grouping (1 and 2 variables) 

. Addition and subtraction of polynomials 

. Evaluation of a polynomial 
(1 and 2 variables) 

. Multiplication of a monomial with a 
polynomial 

. Multiplication of two binomials 
. Division of polynomials 

. Squaring a binomial («+b)2, («-b)2 
and (a+b)(a-b) 

Sub-Block Total 

. Factoring polynomials by finding a 
common aonomial factor 

. Pactorlng a trinomial 

. factoring perfect squares and 
differences of squares 



33 



15 A 



(3) 



1 22 10 
22r 

14 1 

12a 

12bc 



23c 

13 A4 
23a 



14 



1 
4 



2 
1 



6 23b 36 ; 3 

(8) (3) (1) (15) 



2 
1 



ERIC 



1 u AR EA lA PC Total 
. Complex numbers if 
. _ I 1 

Sub-Block Total (3) (2) (^) 

Block Total 3 U 5 ^~~''~~\^' 

ALGEBRAIC EQUATIONS 



. Linear equations in one unknown witn 13w 26 49w 3 3c 
numerical coefficients lA. 48 34w 32abw I5w 

. Linear equations in one unknown with U 
literal coefficients 

. Simple equations in one unknown, 35 3^^, 

reducible to a ' inear equation 

, Two linear equ.. jns in two unknowns with 16 U 1 17wr 

numerical coeft ients - by elimination 

. Two linear equations in two unknowns 37 jy^^ 

with numerical coefficients - by 
substitution 

. Graphs of linear equations 25 12 19 2 

26 



12 



5 



Sub-Block Total (2) (8) (9) (7) (26) 

. Quadratic equations factored form 19 23w 

. Quadratic equations - solution 39 24 13 

by factoring ^7 50 

. Quadratic equations - soi.wion by 45 5 

quadratic formula 

• Graph! of quadratic equations 21 



24 



6 
2 



Sub-Block Total (4) (4) (4) (jj) 

Block Total 2 12 13 11 38 



/I. INEQUALITIES 



. Solution of a llneur Inequality In on« 36 5 4 

unknown with numerical coefflclentt 

. Solution of quadratic inequalities 34 20 



3 
2 



3 



. Graphing linear inequalities in one 
unknown 



AR EA lA PC Total 

20 ; 1 



1 
I 

S S SS SB S S 'SJC: ST s S S 1 



Block Total 2 2 2 6 

/II. RATIONAL EXPRESSIONS 



. Simplification of a rational 28 10 6bc 

expression by cancellation of common JU 
factors (1 and 2 variables) 33 

. Evaluation of a rational expression 27 
(one and two variables) 

. Addition and subtraction of rational 
expressions 

. Multiplication and division of 35 2^6a 9^11 

rational expressions 



AO 17 8 

22 



7 
1 

4 



7 

Block Total 1 6 8 4 19 



;ill. GEOMETRY 

. Graph readingC interpretation) 6 
. Points in the coordinate Plane 



36 17 9 

27 



1 
3 
I 



, Distance of two points In the 
coordinate plane 

Sub-Block Total (2) (D (2) .(5) 

. Measurement- formulas for perimeter 38w 32 

and area of triangles, squares, 31w 
rectangles and parallelograms ^iw 

. Measurement formulas for circumference A6w 46ac 41w 
and area of circles 

. Measurement formulas for volume of 
cubes, cylinders, rectangular solids, 
and spheres I 

Sub-Block Total ' (2) (6) (1) (9) 



A 



, Tha sum of the Interior angles of a 7 
triangle 

. Properties of Isosceles and equilateral 39 7cr 
triangles 

. Properties of congruent and slallar 50 42 19w 
triangles 



1 
2 

3 



ERIC 



« ^ AR EA lA PC Total 

. The Pythagorean theorem and special is 7 7 

triangles (45-A5-90, 30-60-90) ' 
. Parallelism and perpendicularity 

Sub-Block Total (2) (5) (i) (g) 

Block Total 7 12 3 l 23* 

ex. ABSOLUTE VALUE(AV) 

. Simplification and evaluation g ^2 

of expressions involving AV 

. Solution equation and evaluation 2 
of expres .ons involving AV 

Block Total i 2 3 

C. TRIGONOMETRY 

. Right angle trigonometry -jj i ^ 

• Trigonometric functions as 30 ' 1 
circular functions I 

« Radian and degree measure, special angles 36 * i 

. Graphs of trigonometric functions 39 I j 

. Use of trigonometric identities 37 ' 1 

Block Total 5 5 

:i. FUNCTIONS 

• Function concept and use of 21 ' 
function notation 28 ' 2 

* Function evaluation using 26 ' 1 
substitution I 

* Compound function 27 ' 1 

. Graphs of functions Including transit- 32 • i 

tions» reflections tand absolute value 1 



Sub-Block Total 5 5 

• Numerical function evaluation I5 • i 

• Literal function evaluation 25 ! 1 



34 



• Definition, laws and rules of logarithms 

• Inverse relation between the logarithms 
and exponential function 

• Logarithmic and exponential equations 

• Graphs of logarithmic and 
exponential functions 



Block Total 
III. PROBABILITY AND STATISTICS 

• Probability 

• Descriptive statistics 



ERJC 



TABLE 2 

AR EA lA PC Total 



INTEGERS (3) 


10 (3) 


1 






1 11 


FRACT: DECIMALS, PERCENT, 
RATIO^ ^xiOPORTION (13) 


22(1. 


i7) 


3(2) 


1 


1 34 


A. r'nmTT>.on rracLions (5) 

B. Decimal Fractions U) 

C. Conver (3) 


12 (5) 
5 (3) 
2 (2) 


2(2) 
2(2) 
2(1) 






i 14 
1 7 
i 4 


D. Ratio, I centage 
and Proportion (2) 




712) 


3(2) 


1 


1 9 


. EXPONENTS, RADICALS 
AND SQUARE KUoTS (14) 


6 (3) 


8(6) 


12(8) 


5(5) 


{31 


A. Exponents (3) 

B. square roots (4) 


4 (2) 
2 (1) 


3(2) 
4(4) 


4(3) 
1 


1 


1 12 
1 7 


C. Radical and Kationax 
Expressions (7) 




1 


7(4) 


4(4) 


1 1 1 
1 


POLYNOMIALS (12) 

A. Arithmetic operations (8) 

B. Factoring (4) 


3 (2) 


11(9) 


5(5) 


1 


1 20 


3 (2) 


8(6) 
3(3) 


3(3) 
2(2) 


1 


1 15 
1 5 



NOTES : 

1. The test designations are as follows: 

•AR': Algebra Readiness 
•EA': Elementary Algebra 
•lA': Intermediate Algebra 
•PC': Precalculus 

2. Nuna,er8 in parentheses «««^he number of subtopics 

reira?^--M-" ^^^^^ 

algorithms. 

ERIC 









EA 


lA 


Total 


\/ \r rvnx>'Lir FOUATIONS (10) 


2 


(1) 


12(7) 


13(8) 


11(9) 


1 38 


A. Linear equations (6) 


2 


(1) 


8(4) 


9(4) 


7(4) 


i 26 


B. Quadratic equations (4) 






4(2) 


4(3) 


4(4) 


1 ^2 


VI. INEQUALITIES (3) 






2(2) 


2(2) 


2(2) 


1 6 


VII. RATIONAL EXPRESbiONb {tkj 

VIII. GEOMETRY (11) 


1 
7 


II II 1 
II II 

II II vo 

II II 1 

It II 


6(4) 
12(8) 


813) 
3(3) 


4(2) 
1 


1 19 
i 23 


A. COOramate pxaiie \ ■J 1 


2 


(2) 


1 


2(2) 




1 5 


B. Measurement formulas (3) 


2 


(2) 


6(3) 


1 




1 9 


C. Properties of Triangles (5) 


2 


(2) 


5(4) 


- 


4% 


1 8 


IX. ABSOLUTE VALUE (2) 








1 


2(2) 


} 3 


X. TRIGONOMETRY (5) 










5(5) 




XI. FUNCTIONS (10) 


== 




======:=: 


5(4) 


12(9) 


1 17 


A. Function concepts (4) 










5(4} 


1 c 
1 3 


B. Logarithmic and exponential 
Functions (6) 








5(4) 


7(4) 


1 12 


XIII. PROBABILITY AND STATISTICS 














TOTAL COUNTS (87) 


51(28) 


60(43) 


52(36) 


44(37) 


|207 



NOTES (cont): 



3. The Algebra Readiness Elementary Algebra and Intermediate 
Algebra Tests contained 50 items while the Pracalculus test 
contained 40 items. There were 3 forms each of Elementary Algebra, 
Intermediate Algebra, and Precalculus; however, most items were 
common to all three forms. 
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TABLE 3 
TOPICS OVERLAPS AMONG TESTS 
FROM THE MATHEMATICS DIAGNOSTIC TESTING PROJECT* 



Test 

Algebra Readiness (AR) 
Elementary Algebra (EA) 
Ir*tcrn^ediate Algebra (lA) 
Precdlculus (PC) 





EA 


lA 


PC 


13 




0 


0 


12 


15 


1 


0 


7 


12 


14 


2 


4 


9 


10 


13 



NOTES : 

- o^ <5eoarate "topics" across all four tests at 

this le^t"ol speo!l!"ty! ?his level corresponds to the 
subtopics listed in Table 2. 

2. The diagonaj elects above vefer to the^^^^ 
?ISr^rn?.fnedTteJ;l':eaS'?^of topics at the level 
of SiJecificity used here. 

3. The nun^ers in the lower triangular portion^^ table 

"'^^f^^d'Jj^ST^rts!' ^SSs"hI?rwerel2\opics for which the 
specified MDTP nests. Alaebra both contained items 

fe'^thelfi^rfonly ^vraffn^'conllrbetween the Algebra 
Reidtnlsflesl InS tL Intermediate Algebra Test. 

4 The numbers in the upper triangular P°"i°|? °* ^he table 
,e£er''toJhe"P^er of topics -iguely co^^ ^„ 
specified tests. Thus !^^''??ae^ Tests but no topics 

& tl^'^l^'tT^lX^'^^l^ "^ Ke^^ldiate Algebra 
Test contained items. 



ERIC 



3 b 

4 



TABLE k 

CURRICULUM EXPECTATION STATEMENTS BY MDTP TOPICS 



NSF CB MC F 

I. INTEGERS 

. Basic operations with signed numbers Nl.1,2 J-N4iS-Nl 

. Prime factorization J-N9 

. Number line HI A 

II. FRACTIONS, DECIMALS, PERCENT, RATIO, 
PROPORTION 

. Equivalent fractions 10 

. Addition and subtraction of fractions J-N2;S-N1 

. Multiplication and division of fractions J-N2;S-Nl 

. Order and comparison of fractions 10 J-N3 
. Simplification of complex fractions 

. Addition and subtraction of decimals J-N2;S-N1 

. Multiplication and division of decimals J-N2jS-Nl 

. Bstimatioa and approximation with 

decimals 5 J-Nl 

, Conversion between fractions and decimal 10 J-N6 

. Conversion between decimals and percent J-N6 



NOTES: 

1. Entries in the table are the identification codes for the curriculum 
expectation statements presented in full in Appendix A. 

2. An empty cell indicates that no element of the given curriculum 
statement matched the given MDPT topic. 

3. Curriculum expectation statements are designated as follows: 

NSF ■ Educating Americans for the 2l8t Century 
CB - Academic Preparation in Mat hematics: Teaching for 

Transition from High School to ColleR« 
MC Model Curriculum Standards < Gradea 9-12. First M. 
F » Mathematics Frameworka: For California Public Schools. 
Kindergarten Through Grade Twelve 



NSF CB KC 



. Computations with both decimals and 
fractions, rounding off 



. Percentage 
. Proportion 



AA.2 J-N6,7;S-AA 



A7.1 J-NU 
N3.1 J-NIO 



J-N8 
SA5 



7 



III. EXPONENTS, RADICALS AND SQUARE ROOTS 

, Laws of exponents 

. Powers of 10 and scientific notation 

[ Exponentiation with integral exponents N3.2;A1.2 J-N10;S.A5 

. Square roots of perfect squares 

. Simplification of square roots 

. Addition and subtraction of square roots 

. Multiplication and division of square ^ 
roots 

. Conversion between radicals and exponent 

. Rationalization of the denominator 

. Addition and subtraction of radical 
expressions 

. Numerical calculations with rational 
exponents and radicals 

. Algebraic calculations with rational 
exponents and radicals 

. Factoring and simplifying an algebraic 
expression Involving rational and 
literal exponents and radicals 

. Estimation and approximation with radlca 5 

IV. POLYNOMIALS 

. Arithmetic operations involving A1.1}A7.A 
literal symbols *^»* 

. Simplification of a polynomial by 
grouping (1 and 2 variables) A3 



27 



7 

7 SN3 
SN3 



Al.A 



ERIC 



40 



N. . OB MC F 

• Addition and subtraction of polynomials 15 A7,3 S-A6 

• Evaluation of a polynomial 

(1 and 2 variables) 15 J-A3 

, Multiplication of a monomial with a 
polynomial 15 

. Multiplication of two binomials A7,3 S-A6 

• Division of polynomials 15 SA7 

• Squaring a binomial (a+b)2, (a-b)2 

and (a+b)(a-b) 26 

, Factoring polynomials by finding a 
common monomial factor 15 A7,2;A8.1 SA8 

. Factoring a trinomial 

• Factoring perfect squares and 

differences of squares A7.5 

. Complex numbers ^ 30 11 



V, ALGEBRAIC EQUATIONS 

• Solution of a linear equation in one 

unknown with numerical coefficients 17 6 A2,l-A J-AAiS-Al,3 

• Solution of a linear equation in one 

unknown with literal coefficients 17 6 

• Solution of a simple equation in one 
unknown, reducible to a linear equation 17 6 

• Solution of two linear equations in two 
unknowns with numerical coefficients - 

by elimination 17 6 A6.3 S-A2 

. Solution of two linear equations in two 
unknowns with numerical coefficients ~ 
by substitution 17 6 A6.3 

• Graphing a linear equation 19 23 A5.1 S-^A2 

4 Solution of a quadratic equation from 
factored form 18 6 

• Solution of a quadratic equation by 
factoring 18 6 

« Solution of quadratic equations by 
quadratic formula 18 6 



ERLC 



, Graphs of quadratic equations 



NSF CB MC 
19 23 A5.2 



F 



VI. INEQUALITIES 

. Solution of a linear ^^^^^^J 17 6 A2.1 J-A5;S-A1,3 
unknown with nur^erical coefficients 

. Solution of quadratic inequalities 17 6 

. Graphing linear inequalities in ^ne 
unknown 

VII. RATIONAL EXPRESSIONS 

SimDlification of a rational 
' expression by cancellation of conrmon 
factors (1 and 2 variables) 

. Evaluation of a rational expression 
(one and two variables) 

. Addition and subtraction of rational 
expressions 

. Multiplication and division of 
rational expressions 



36 19 S-G7 



VI 11. GEOMETRY 

. Graph readingC Interpretation) 36 1.19 G4.2 

Points In the coordinate Plane 

, Distance of two points In the 
coordinate plane 

. Measurement formulas for perimeter 
and area of triangles, squares. 
rectangles and parallelograms 

. Measurement formulas for circumference 11.36. U 
and area of circles 

. Measurement formulas for volume of „j 
cubes, cylinders, rectangular solids. 11.36. 
and spheres 

, * « 33 lA Gl.l J-G3.AJ 

. The sum of the Interior angles of a 33 ^^^2 

triangle 



J-Ml 



ERIC ^ ^ 



NSF CB MC 

. Properties of isosceles and equilateral 34 15 G3.1,2 
triangles 



. Properties of congruent and similar 
triangles 

. The Pythagorean theorem and special 
triangles (-i5-A5-90, 30-60-90) 

IX, ABSOLUTE VALUE(AV) 

. Simplification and evaluation 
of expressions involving AV 

. Solution of equation and evaluation 
of expressions involving AV 



3A 15 G3.1»2 



33,35, U, G5.1,2 
36 16 



A1.3 



S-G2,6 

J-G3,A; 
S-G3 

J-G3,/«; 
S-G2,5,6 



X. FUNCTIONS 

, Function concept and use of 
function notation 

. Function evaluation using 
substitution 

. Compound function 

. Graphs of functions including 
translations, reflect ions, and 
absolute value 

XI. TRIGONOMETRY 

. Right angle trigonometry 

. Trigonometric functions as 
circular functions 



13,21 22 P2.3 
28 



21 22 P2.1 



J-PFl 



J-PFl 



21 22 



21,25 25 P2.2;A5.2 J-PF2; 

S-PF1,2 



G6.1,2 



Ik 24 



. Radian and degree measure » special angle 

. Graphs of trigonometric functions 25 

. Use of trigonometric identities 

XII. LOGARITHMIC AND EXPONENTIAL FUNCTIONS 
. Numerical function evaluation 
* Literal function evaluation 
. Definition^ laws and rules of logarithms 



■13 



ERIC 



NSF CB 

Inverse relation between the logarithms 
and exponential function 

Logarithmic and exponential equations 27 10 

Graphs of logarithmic and 
exponential lunctions 



MC 



I, PROBABILITY AND STATISTICS 
Probability 

Descriptive statistics 



7,20, 9,5 S2.1,2; S-SP1,3,8; 

28 S2. 1,2,3 J-SPl-3,6 

7.39 2 S3. 1,2; J-SPA,5; 

SA.l-A S-SP2,A,6,7 
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TABLE 5 

SECOND INTERNATIONAL MATHEMATICS STUDY 
INTERNATIONAL CONTENT GRID FOR GRADE 8 
(SIMS ITEMS) 



APPLIC/ 

CONTENT CATEGORIES COMPUTATION COMPREHENSION ANALYS Total 



000 AF. THMETIC 

001 WHOLE NUMBERS A 2 4 10 

002 COMMON FRACTIONS 6 A 2 12 

003 DECIMAL FRACTIONS A 5 A 13 
00 A RATIO, PROPORTION, 

PERCENT 5 A 8 17 

005 NUMBER THEORY 1 1 13 

006 POWERS 3 3 



008 SQUARE ROOTS 



200 GEOMETRY 



201 


CLASSIFICATION 


1 


2 


2 


202 


PROPERTIES 


2 


2 


5 


203 


CONGRUENCE 


1 


1 


2 


204 


SIMILARITY 


1 


1 


A 


205 


GEOMETRIC CONSTRUCTIONS 






1 


206 


PYTHAGOREAN 


2 




1 


207 


COORDINATES 


1 


A 


2 


208 


DEDUCTIONS 




2 


2 


209 


TRANSFORMATION 










(INFORMAL) 


2 


1 


1 


211 


SOLIDS 


1 






212 


SPATIAL VISUALIZATION 




1 


2 


215 


TRANSFORMATIONAL 










GEOMETRY 


1 


2 


1 



3 



009 DIMENSIONAL ANALYSIS 1 1 

2A 19 19 62 

100 ALGEBRA 

101 INTEGERS 3 13 7 

102 RATIONALE 1 2 1 A 

103 INTEGER EXPONENTS 11 2 
lOA FORMUUS 3 3 3 9 

105 POLYNOMIALS EXPRESSIONS 3 3 

106 EQUATIONS AND 

INEQUATIONS A 3 2 9 

107 REUTIONS 2 1 1 A 
110 FINITE SETS 1 1 2 A 



18 12 12 A2 



5 
9 
A 
6 
1 
3 
7 
A 



A 
1 
3 



A 

12 16 23 51 



300 PROBABILITY AND STffiSTICS 
301 DATA COLLECTION 



1 
2 



302 ORGANIZATION ^ - 2 

303 REPRESENTATION 
30A MEAN, MEDIAN, MODE J 
306 PROBABILITY ^ 



2 1 



10 3 18 



AGO MRASUREMENT 2 5 

AOl UNITS ; 2 3^ 

m ESTIMATION ^ 2 I ^ 

A03 ^-PROXIMATION 3 6 12 

AOA OBTERMINING MEASURES 3 



■7 7 12 26 

66 



6A 69 199 



NOTES: ,.«„n^4pc are *^-se identified by the 

1 The content categories are _se ^^^ers refer to 

TZ^iTT.iXuii 5:rr;u^? top. 

cognitive level grid. 



TABLE w 

SECOND i.N.-.RNATIONAL MMHEMATICS STUDY 
INTERNATIONAL CONTENT GRID FOR GRADE 12 
(SIMS ITEMS) 



CONTENT CATEGORIES 



COMPUTATION COMPREHENSION 



APPLIC/ 
ANALYS Total 



SETS, RELATIONS AND 
FUNCTIONS 

1.1 SET NOTATION 

1.2 SET OPERATIONS (E.G., 
UNION, INCLUSION) 

1.3 RELATIONS 

1.4 FUNCTIONS 

1.5 INFINITE SETS» CARDINALITY 
AND CARDINAL ALGEBRA 
(RATIONALS AND REALS) 



1 

3 



2 
2 



5 
7 



NUMBER SYSTEMS 

2.1 COMMON LAWS DOR 
NUMBER SYSTEMS 

2.2 NATURAL NUMBERS 

2.3 DECIMALS 

2. A REAL NUMBERS 
2.5 COMPLEX NUMBERS 



1 
1 
2 



1 

1 

1 

2 



1 
3 
2 
1 
2 



3 
4 
3 
3 
6 

19 



3 ALGEBRA 

"3.1 POLYNOMIALS (OVER ) 

3.2 QUOTIENTS OF POLYNOMIALS 

3.3 ROOTS AND RADICALS 

3.4 EQUATIONS AND 
INEQUALITIES 

3.5 SYSTEMS OF EQUATIONS AND 
INEQUALITIES 

3.6 MATRICES 

3.7 GROUPS, RINGS AND FIELDS 



1 



2 
1 
2 
1 



1 

2 

3 

3 
1 

10 



6 
2 
5 



5 
1 



25 



4 GEOMETRY 

"4.1 EUCLIDEAN (SYNTHETIC) 

GEOMETRY 1 

4.2 AFFINE AND PROJECTIVE 
GEOMETRY IN THE PLANE 

4.3 ANALYTIC (COORDINATE) 
GEOMETRY IN THE PLANE 3 

4.4 THREE-DIMENSIONAL COORDINATE 
GEOMETRY 



10 



ERIC 



47 



4.5 VECTOR METHODS 1 J 3 6 

4.6 TRIGONOMETRY 2 1 
A. 7 FINITE GEOMETRIES 

4.8 ELEMENTS OF TOPOLOGY ^ 

4.9 TRANSFORMATIONAL GEM 2 ^1^ J- 

""9 8 11 28 

5 AN ALYSIS o A 4 11 

" 5.. "kLEMENTARY FUNCTIONS 3 A 0 4 

5.2 PROPERTIES OF FUNCTIONS 2 ^ 

5.3 LIMITS AND CONTINUITY 1 J 1 A 

5.4 Dli'^tHENTlATION 2 1 

5.5 APPLICATIONS OF THE 
DERIVATIVE 



16 



A5 



NOTES: 



1 A 10 

2 2 6 



5.6 INTEORATICJJ 2 I 1 2 

5 7 TECHNIQUES OF INTEGRATION 1 ^ 
5.8 APPLICATIONS OF 

INTEGRATION 2 
5 9 DIFFERENTIAL EQUATIONS 
5*. 10 SEQUENCES AND SERIES OF 
FUNCTIONS 



19 16 A6 



6 PROBABILITY AND STATISTICS ^ 3 

"6.1 PROBABILITY 2 ^ ^ 

6.2 STATISTICS 2 ^ 

6.3 DISTRIBUTIONS 

6 4 STATISTICAL INFERENCE 

6 *. 5 BI VARIATE STATISTICS 



7 



7 VTNTTg MATHEMATICS 2 A 
" 7.1 COMBINATORICS ^ 

8 COMPUTER scnrn^ 

9 LOGIC 



38 53 136 



refer to number of items that fall in each cell of topic by 



1, Entries 
cognitive level. 

2. Grade 12 was labeled Population B in the Second 
International Math Study. 
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TAbi.E 7 

SECOND INTERNATIONAL MATHEMATICS STUDY 
INTERNATIONAL CONTENT GRID 
(MDTP Items) 



CONTENT CATEGORIES COMPUTATION COMPREHENSION APPLIC/ANALYS 

POPUUTION A iith Gradel 



000 ARITHMETIC 

001 WHOLE NUMBERS 

002 COMMON FRACTIONS 

003 DECIMAL FRACTIONS 
OOA RATIO, PROPORTION, 

PERCENT 

005 NUMBER THEORY 

006 POWERS 

008 SQUAKE ROOTS 

009 DIMENSIONAL ANALYSIS 

100 ALGEBRA 

101 INTEGERS 

102 RATIONALS 

103 INTEGER EXPONENTS 

104 FORMUUS 

105 POLYNOMIALS 
EXPRESSIONS 

106 EQUATIONS AND 
INEQUATIONS 

107 RELATIONS 
110 FINITE SETS 

200 GEOMETRY 



201 CUSSIFICATION 

202 PROPERTIES 

203 CONGRUENCE 
20A SIMILARITY 

205 GEOMETRIC 
CONSTRUCTIONS 

206 PYTHAGOREAN 

207 COORDINATES 

208 DEDUCTIONS 

209 TRANSFORMATION (INFORMAL) 

211 SOLIDS 

212 SPATIAL VISUALIZATION 
215 TRANSFORMATIONAL GEOMETRY 

300 PROBABILITY AND STATISTICS 

302 ORGANIZATION 



AR(6)EA(1) 
AR(A)EA(2) 

AR(1)EA(1) 



AR(2)EA(1) 
AR(2)EA(2) 

AR(2) 



AR(A)EA(3)IA(1) 
AR(2)EA(4)IA(1) EA(1) 



AR(A) 

IA(1) IA(2) 

AR(2)EA(2)IA(1) EA(2) 

AR(2)EA(12) IA(2) 

IA(9)PC(A) 

EA(10)IA(7) 

PC(A) 



AR(2)EA(1) EA(1) 
AR(1)EA(1)PC(1) 



EA(1) 
IA(1) 



EA(1)IA(1) 



AR(1) 
EA(1) 



AR(2)EA(1) 
IA(3)PC(1) 



AR(1) 
AK(1) 

AR(1) 

EA(A)EA(7) 

PC(3) 

AR(1) 



EA(1) 



EA(1) 
AR(1) 
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303 REPRESENTATION AR(l) 
30A MEAN, MEDIAN, MODE 
306 PROBABILITY 

AOO MFASUKEMENT 

AOl UNITS 
A02 ESTIMATION 
AO 3 APPROXIMATION 



AR(2) 



lOi-ULATION B 

1 SETS,. RELATIONS AND 

1.1 SET NOTATION 

1 2 SET OPERATIONS (E. 

UNION, INCLUSION) 
1.3 REUTIONS 

1. A FUNCTIONS 

15 INFINITE SETS, CARDINALITY 
AND CAKDiNAL ALGEBRA 
(RATIONALS AND REALS) 

2 NUMBER SYSTEMS, 

" 2.r" COMMON LAWS DOR 
NUMBER SYSTEMS 

2.2 NATURAL NUMBERS 

2.3 DECIMALS . 

2. A REAL NUMBERS lAU; 
2.5 COMPLEX NUMBERS 

3 ALGEBRA ^ _ . 
" 3,r~POLYN0MIALS (OVER ) 

J. 2 QUOTIENTS OF 

POLYNOMIALS 1.(2) 
3.3 ROOTS AND RADICALS IA(6) ^M^y 
3*. A EQUATIONS AND 

INEQUALITIES T4n^pr^n fC(l) 

3.5 SYSTEMS OF EQUATIONS lACUPCd) 
AND INEQUALITIES EA(2) 

3.6 MATRICES 

3.7 GROUPS, RINGS AND 
FIELDS 

■" I^OMETKY . 
- 4.1 EUCLIDEAN (SYNTHETIC) 

GEOMETRY 
A 2 AFFINE AND PROJECTIVE 

GEOMETRY IN THE PLANE 
A. 3 ANALYTIC (COORDINATE) 

GEOMETRY IN THE PLANE 
A, A THREE-DIMENSIONAL 

50 
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COLnJINATE GEOMETRY 
A. 5 VECTOR METHODS 

4.6 TRIGONOMETRY PC(A) PC(1) 

A. 7 FINITE GEOMETRIES 

4.8 ELEMENTS OP TOPOLOGY 

4.9 TRANSFORMATIONAL GEM 

5 ANALYSIS 

■"5.1 ELEMENTARY FUNCTIONS IA(3)PC(5) IA(2)PC(6) PC(2) 

5.2 PROPERTIES OF 
FUNCTIONS 

5.3 LIMITS AND CONTINUITY 

5.4 DIFFERENTIATION 

5.5 APPLICATIONS OF THE 
DERIVATIVE 

5.6 INTEGRATION 

5.7 TECHNIQUES OF 
INTEGRATION 

5.8 APPLICATIONS OF 
INTEGRATION 

5.9 DIFFERENTIAL EQUATIONS 

5.10 SEQUENCES AND SERIES OF 
FUNCTIONS 

6 PROBABILITY AND STATISTICS 
"6.1 PROBABILITY 

6.2 STATISTICS 

6.3 DISTRIBUTIONS 

6.4 STATISTICAL INFERENCE 

6.5 BIVARIATE STATISTICS 

7 FINITE MATHEMATICS 
"7.1 COMBINATORICS 

8 COMPUTER SCIENCE 

9 LOGIC 



NOTES 

1. Entries in this table refer to the number of items on each of the 4 
MDTP test that fall in each topic-by-cognitive-level cell. 

2. MDTP tests are designated as follows: 

AR " Algebra Readiness 
EA " Elementary Algebra 
lA ■ Intermediate Algebra 
PC - Pre-Calculus 

3. There were two absolute value items on the MDTP 
intermediate algebra test that we wre unable to classify in the 
SIMS grid. 
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TABLE 8 

SECOND INTERNATIONAL MATHEMATICS STUDY 
INTERNATIONAL CONTENT GRID FOR Grade 8 

(AR MDTP Items) 

computation " COMPREHENSION APPLIC/ANALYS 

CONTENT CAT'^^-ORIES 

000 ARITHMETIC 22 
— *001 WHOLE NUMBERS 2A.37 
m COMMON FRACTIONS 

003 DECIMAL FRACTIONS }'^*^^'" 26!30 19,^4 

004 RATIO. PROPORTION, 10 

PERCENT 12.20 

005 NUMPHR THEORY 

006 POVv HS ^.j' 

008 SQUARE ROOTS 23,48 

009 DIMENSIONAL ANALYSIS 

100 AT.GKBR A ^ g 21.27 

"lOTlNTEGERS /.v.^^i*^' 35 

102 RATIONALS 16 

103 INTEGER EXPONENTS ^ I3 

ISs »/a^ EXPRESSIONS 2^,33 

106 EQUATIONS AND 

INEQUATIONS lA 

107 REUTIONS 
110 FINITE SETS 

200 GEOMETRY 

— 20rCLi^iriCATION 

202 PROPERTIES ■^^'''^ 

203 CONGRUENCE 

204 SIMILARITY ^" 

205 GEOMETRIC CONSTRUCTIONS 

206 PYTHAGOREAN 36 

207 COORDINATES 

208 DEDUCTIONS 

209 TRANSFORMATION (INFORMAL 

211 SOLIDS 

212 SPATIAL VISUALIZATION 
215 TRANSFORMATIONAL GEOMETRY 

300 PROBABILITY AND STATISTICS 
^302 ORGANIZATION 

303 REPRESENTATION » 

304 MEAN. MEDIAN, MODE 
306 PROBABILITY 

400 MFASUREMENT 5,8 
'401 UNITS 
A02 ESTIMATION 
403 APPROXIMATION 
A04 DETERMINING MEASURES 38,49 



TABLE 9 

SECOND INTERNATIONAL MATHEMATICS STUDY 
INTERNATIONAL CONTENT GRID FOR GRADE 8 
(EA MDT Items) 



CONTENT CATEGORIES 



COMPUTATION COMPREHENSION APPLIC/ANALYS 



000 ARITHMETIC 

001 WHOLE NUMBERS 

002 COMMON FRACTIONS 

003 DECIMAL FRACTIONS 

004 RATIO, PROPORTION 
PERCENT 

005 NUMBER THEORY 

006 POWERS 

008 SQUARE ROOTS 

009 DIMENSIONAL ANALYSIS 



15 

2b, 5 
29 



A, 8, 38 
9,11,2A,28 



A3 

2a, c 



21 
A5w 



100 ALGEBRA 

101 INTEGERS 

102 RATION ALS 

103 INTEGER EXPONENTS 
lOA FORMULAS 

105 POLYNOMIALS 
EXPRESSIONS 

106 EQUATIONS AND 
INEQUATIONS 

107 RELATIONS 
110 FINITE SETS 



1,22 

lA,12a,b,c, 13, 23a, c 

23b, 10,30,27, 

35, AO 

26,AA,A8, 

16,37 



3A,25,20,A9 



200 GEOMETRY 

201 CUSSIFICATION 

202 PROPERTIES 7 

203 CONGRUENCE 

20A SIMILARITY A2 

205 GEOMETRIC CONSTRUCTIONS 

206 PYTHAGOREAN 18 

207 COORDINATES 

208 DEDUCTIONS 

209 TRANSFORMATION (INFORMAL) 

211 SOLIDS 

212 SPATIAL VISUALIZATION 
215 TRANSFORMATIONAL GEOMETRY 

300 PROBABILITY AND STATISTICS 

302 ORGANIZATION 

303 REPRESENTATION 
30A MEAN, MEDIAN, MODE 
306 PROBABILITY 

AOO MEASUREMENT 
AOl UNITS 
402 ESTIMATION 
A03 APPROXIMATION 
AOA DETERMINING MEASURES A6a,b,c 

o 
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7c 



32 



32r 



17 



31, Al 



53 



NOTES 



^ u ^ A Pnnulation A in the Second International Math 
1. Grade 8 was labeled Population a m 

Study. 

ro."'th«iXe"t':pp:ar;d on all three alternate for^s. 
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T.- . ; 10 

GRADE 8 MATHE^'.^.xCS DUPLEX DESIGN 
(MDTP Items) 



Content Categories 



a. Procedural b. Factual c.Higher 
Skills Knowledge Level 

Thinking 



10. Numbers 
Integers 
Fractions 

Percent 
Decimals 
Irrationals 
Exponents? 
20. Algebra 

Expressions 

Equations 

Inequalities 

Functions 

30. Geometry 

Figures 

Relations & 

Transformations 



AR(8) 

AR(7),EA(4) AR(4) 

AR(2),EA(1) 
AR(7) ,EA(4) 
EA(3) ,IA(1) 



AR(2) ,EA(1) 



AR(4),EA(17), 
IA(14) ,PC(6) 

EA(8),IA(6), 
PC(6) 

EA(1) ,IA(2) 
PC(3) 

IA(4),PC(9) IA(1) 



Coordinal.«s 
40. Measurement 

English & metric units 
Length, area & volume AR(1) 
Other systems (time, distance) 



EA(2),IA(2) 
IA(2) 



AR(4) 

AR(2),EA(2), 
IA(1),PC(1) 

AR(2),IA(1) 

EA(1) ,IA(I) 



AR(2) ,EA(3) , 
IA(7),PC(5) 

EA(1) 



PC(3) 



IA(1) 
IA(1) 

AR(2),EA(1) AR(1) 



AR(1),EA12) AR(1),EA(2) 
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50. probability & Statistics 
probability 
Experiments & surveys 
Descriptive statistics 



NOTES : 

X. cognitive ieveis aic a<= follows: 

procedural sKills- Calculating Rewriting, Constructing, 
Estimating, Executing AlgoritbJiis 

t.oMial Knowledge - Terms, Definitions, Concepts 

Higher Uv.l Thinking - Proof, Reasoning, Problem Solving, 

Reai'World applications 
MDTP Items Not Classified: 9 - Exponents, Trigonometry, 

Radicals 

2. The MDTP tests are designated as follows: 

AP = Algebra Readiness 
EA = Elementary Algebra 
lA = Intermediate Algebra 
PC = pre-Calculus 

design. 



TARLE 11 

DISTRIBUTION OP SECOND INTERNATIONAL MATHEMATICS 
STUDY TEST ITEMS POPUUTION A (GRADE 8) AMONG THE CELLS 
OF THE GRADE 8 MATHEMATICS DUPLEX DESIGN MATRIX 



Content Categories SIMS Grid a. Procedural b, Factual c.Higher 

Categories Skills Knowledge Level 

Thinking 

10, Numbers 

Integers 001,101 8 3 7 

A03 

Fractions 002,102 6 5 2 

Percent OOA 5 A 8 

Decimals 003 A 5 A 

Irrationals 008 - 3 - 

20. Algebra 

Expressions 102, lOA 7 A 4 

105 

Equations 106 3 1 2 

Inequalities 106 1 2 - 

Functions 107 2 1 1 

30. Geometry 

Figures 201,208 3 3 5 

211-212 

Relations & 202-206 9 ^ 16 

Transformations 208,209 

215 

Coordinates 207 1 A 2 

AO* Measurement 

English & Metric AOl 3 - 2 

Units 

Length, Area & A02-A0A 10 3 6 

Volume 

Other systems (time, 009 1 
distance) 
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50. Probability & Statistics 

Probability 306 1 

Experiments & Surveys 301-303 1 .8 2 

Descript' Statistics 30A 3 2 1 

NOTES: 

1. rue dcflAiUons of the process categories provided by Bock and Mislevy 
are as follows: 

Procedural Skills-- Calculating, Rewriting, Construct! u 
Estimating, Executing Algorithms 

FactU»l Knowledge -- Terms, Definitions, Concepts 

HiRher Level Thinking ^roof , Reasoning, Problem Solving, Real- 
world applicatiou- 

2. TVe numbers indicated as SIMS Grid Categories are according to 
grid n-imbering scheme reported in several of the SIMS reports 

(e.g., Chang & Ruzicka, 1985). The classification of the items into cells 
of that SIMS grid corresponds to decisions by the International 
Mathematics Committee as reportod in the SIMS longitudinal data bank. 

3. We were wnable to classify certain categories of SIMS items into the 
Duplex Design classification matrix. The categories we were unable to 
classify were as follows: 

005 Number Theory 

006 Powers 

103 Integer Exponents 
110 Finite Sets 

Certain SIMS categories (102, 106, 208, A03) contained items that belong 
to multiple cells from the Duplex Design matrix. 
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Ctribution or Test Items from the 

California Assessment Program 
Survey of Academic Skills: Grade 8 
Mathematics 

(Total number of questions: 468) 

Percent 

I. Numbers (72) 15.4 

A. Skills/concepts (50) 10 

1. Order relations and classification (15) 3 

2. Number theory (20) 4 

3. Properties (15) 3 

B. Applications (22) 5 

II. Operations (72) 15.4 

A. Skills/concepts (36) 8 

1. Whole and rational numbers (22) 5 

2. Percents (14) 3 

B. Applications (36) 8 
1,. One-step (20) 4 
2. Two or more steps (16) 4 

III. Algebra (72) 15.4 

A. Skills/concepts (50) 11 

1. Expressions, equations, & inequalities (30) 6 

2. Graphs and functions (20) 5 

B. Applications (22) 5 

IV. Geometry (72) 15.4 

A. Skills/concepts (47) 10 

1. Geometric terms and figures (20) 4 

2. Relationships (25) 6 

B. Applications (25) 6 

V. Measurement (42) 9.0 

A. Skills/concepts (24) 6 

1. Units and estimates (12) 3 

2. Perimeter, area, and volume (12) 3 

B. Applications (18) 3 
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VI. Probability and Statistics (36) 

A. Probability (18) 

B. r/atistics (18) 

VII. Tables. Gra£hs^ & Intearated A£Elications (30) 

A. Tables and graphs (15) 

B. Integrated applications (15) 

VIII. Problem Solving (72) 

A. Formulations of problem (14) 
3. ' dlysis of problem (20) 

C. flying strategies (24) 

D. Reasoning and interpretation (14) 

solution of problems (aggregations of all 
applications, probability and statistics, 
app -CdLxuii , 4nt-onrafod aoolications 



7.7 

4 

4 

6.4 

3 

3 

15.4 
3 
4 
5 
3 



E. 



NOTE: 

:ries in parentheses are number of items 



Ent] 
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TAijLE 13 

Distribution of Test Items from the California Assessment 
Program Survey of Basic Skills: Grade 12 
Mathematics 1985-1986 

(Total number of questions: 198) 

Percent 

I. Arithmetic (98) 49.5 

A. Number concepts (28) 14 

1. Number and numeration (14) 1 

2. Number theory (8) 4 

3. Properties (5) 3 

B. Whole numbers (22) 11 

1. Computation (14) 7 

2. Application (8) 4 

C. Fractions (26) 13 

1. Computation (14) 7 

2. Application (12) 6 

D. Decimals (22) 11 

1. Computation (14) 7 

2. Application (8) 4 

II. Algebra (32) 16 

A. Computation (14) 7 

B. Applications (18) 9 

III. Geometry (24) 12 

A. Knowledge of facts (12) 6 

B. Applications (12) 6 

IV. Measurement (30) 15 

A. Knowledge of facts (12) 6 

B. Applications (18) 9 

V. Probability and Statistics (14) 7 

A. Computation (6) 3 

B. Application (8) 4 

VII. All application problems (62) 31 

A. Arithmetic (28) 14 

B. Graphs (34) 17 



NOTE: 

Entries in parentheses are number of items. 
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Curriculum Expectations in 
Educating Americans for 21st Century 
(Washington: National Science Foundation, 1983, pp. 93-96) 

K-8 Mathematics 

In general changes de-emphasize excess drill in paper and 
pencil computations and emphasize developing better number sense. 

*1. Understanding of arithmetic operations and knowledge 
of when and where specific operations should be used. 

*2. Development of a thorough understanding of and facility with 
one digit number facts. 

*3, Ability to use selectively calculators and computers to help 
develop concepts and to do many of the tedious computation that 
previously had to be done by paper and pencil. 

*4. Development of skill in the use of informal mental arithmetic, 
first in providing exact answers to simple problems and later, 
approximate aswers to more complicated problems. 

+5. Development of skills in estimation and approximation. 

6. Development of problem-solving abilities. Trial and error 
methods, guessing and guestimating in solving word problem should 
be actively encouraged at all levels. 

7. Understanding elementary data analysis, elementary statistics, 
and probability. 

*8. Knowledge of place value, decimals, percent, and scientific 
notation. 

*9. Understanding the relationship of numbers to geometry. 

10. Understanding of fractions as numbers, comparisons of 
fractions, and conversion to decimals. 

•fll. Development of an intuitive geometric understanding and 
ability to use the mensuration formulas for two and three- 
dimensional figures. 

*12. Ability to use the concepts of sets and some of the language 
of sets where appropriate. However, sets and set language are 
useful tools, not end goals, and it is inappropriate to start 
every year's program with a chapter on sets. 

13. Understanding of elementary function concepts including 
dynamic models of increasing and decreasing phenomena. 

14. Ability to use some algebraic symbollsra and techniques. 



1 



particularly in grades 7-8. 



Secondary School Mathematics 

Streamline traditional components leaving room for important 
new topics. Give serious consideration to the development of an 
integrated secondary school mathematics curriculum. 

15. Ability^'to recognize basic algebraic -rms and know how to 
t..l:isform them into other forms. 

*16. Understanding of the logic behind algebraic manipulations. 

17. Skill in solving linear equations and inequalities. 

18. Skill in solving quadratic equations. 

19. Ability to graph linear and simple quadratic functions and 
use these in interprf^'-a.ng and solving problems. 

20. Familiarity with permutations, combinations, and simple 
counting problems. 

21. Knowledge of relations and functions. 

22. Development of problem-solving abilities. 

( For talented math students) . 
*23. Skill in solving higher degree equations and inequalities. 

24. Knowledge of various types of functions including polynomial, 
exponential, logarithmic, and circular functions. 

25. Ability to graph higher degree functions. 

26. Familiarity with Binomial Theorem. 

+27. Skill in solving trigonometric, exponential, and logarithmic 
equations. 

28. Familiarity with arithmetic and geometric sequences and 
series* 

Knowledge of simple matrix operations and their relation to 
systems of linear equations. 

30. Skill in operations with complex numbers. 

Geometry 

Introduce geometry together with algebra in 8th and 9th 

grades * 

2 



*31. Ability to think logically, 



*32, Ability to work through short sequences of rigorously 
developed material while do-emphasizing column proof. 

33, Knowledge of two- and three-dimensional figures and their 
properties* 

+34. Ability to think in two and three dimensions in terms of 
congruence and similarity. °^ 

35. Ability to use the Pythagorean theorem and special riqht 
triangle relationships. ^ 

+36, Understanding of algebraic methods in geometry and analytic 
geometry; and vector algebra, especially in three dimensions^ 

*37. familiarity with computer graphics packages to get a visual 
sense of geometric concepts and transformation. 

Other Mathematics 

+38. Knowledge of discrete mathematics (basic combinatorics, graph 
theory, discrete probability). 

39. Understanding of elementary statistics (data analysis 
Interpretation of tables, graphs, surveys, sampling). ' 

IlgirKl^d ?terS! .programming, introduction to 

*41. Familiarity with the philosophical basis of calculus and 
understanding of the elementary concepts of the subject (e.g., 
rates of change, intuitive ideas of limits). 



NOTES 

**• indicates that the item was not found in the tests. 

' + ' indicates that only part of the item was found in the tests. 



ERIC 



Appendix C 



f;f; 

ERIC 



Curriculum Expectation Statements in 
Academic Preparation in Mathematics ; 
Teaching for Transition from High School to College 
(College Entrance Examination Board, 1985) 



Statistics 

+ 1 The ability to gather and interpret data and to represent 
them graphically. 

2 The ability to apply techniques for summarizing data, using 
such statistical concepts as average, median, and mode. 

* 3 Familiarity with techniques of statistical reasoning and 

common misuses of statistics. 

* 4 Understanding of simulation techniques used to model 

experimental situations. 

5 Knowledge of elementary concepts of probability needed in 
the study and understanding of statistics. 

pg.27 
Algebra 

6 Skill in solving equations and inequalities. 

7 Skill in operations with real numbers. 

8 Skill in simplifying algebraic expressions, including simple 
rational and radical expressions 

9 Familiarity with permutations, combinations, simple counting 
problems, and the binomial theorem. 

Those students who will take advanced mathematics in college will 
need additional preparation in high school, including: 

10 Skill in solving trigonometric, exponential, and 
logarithmic equations. 

11 Skill in operations with complex numbers. 

* 12 Familiarity with arithmetic and geometric series and with 

proofs by mathematical induction. 

* 13 Familiarity with simple matrix operations and their relation 

to systems of linear equations. 
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pg. 28 
Geometry 

14 Knowledge of two-dimensional and three-dimensional figures 
and their properties. 

lb The ability to think of two-dimensional and three- 
dimensional figures in terms of syrometry, congruence, and 
similarity. 

lb The ability to use the Pythagorean -orem and special 
right-triangle relationships. 

17 The ability to draw geometrical figures and use geometrical 
modes of thinking in solving problems 

Those students who plan to enter fields that will require advanced 
^Tt' '?cs courses^n college will .eed additional work in 
geomeu. 7 beyond the topics listed above. They will need at least 
the following: 

* 18 Appreciation of the role of proofs and axiomatic structure 

in mathematics and the ability to write proofs. 

19 Knowledge of analytic geometry in the plane. 

* 20 Knowledge of the conic sections. 

* 21 Familiarity with vectors and with the use of polar 

coordinates. 

pg. 29 
Functions 

22 Knowledge of relations, functions, and inverses. 

23 The ability to graph linear and quadratic functions and use 
them in the interpretations and solution of problems 

24 Knowledge of various types of functions including 
polynomial, exponential, logarithmic, and circular 
functions. 

25 The ability to graph such functions and to use them in the 
solution of problems. 

indicates that the item was not found on the tests, 
indicates that only part of the item was found on the tests. 
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Curriculum Expectations Statements in 
Model Curriculum Standards, Grades 9-12, First Ed. 
(California state Board of Education, 1985, pp. M-6 - M-41) 

Number ; Concepts and Skills 

Nl. Demonstrate an understanding of signed numbers 

Nl«l Use the number line to demonstrate addition and 
subtraction of signed numbers. 

N1.2 Multiplication and division of signed numbers. 

* N1.3 Explain the value and uses of negative numbers. 

N2. Students extend their undertanding of the real number system 
to include irrational numbers. 

* N2.1 Irrational numbers and the need for them in the number 

system. 

* N2.2 Locate real numbers on the number line. 

N3. Students understand and are able to use integral exponents. 

N3.1 Mental arithmetic to perform multiplication and divisions 
involving powers of ten. 

N3.2 Evaluate expressions with rational bases. 



Measurement ; Concepts and Skills 

Ml. Students understand and use skills and concepts of 
measurement 

* Ml.l Understand and apply the relationship between the 

precision of measurements and the accuracy of a 
calculation based on the measurements. 

* M1.2 Make conversions within a measurement system. 

* M1.3 Select and use appropriate formulas and procedures to 

determine a measure when a direct measurement tool is not 
available. 

Geometry; Concepts and Skills 

Gl. Students understand the basic postulates, theorems, and 
definitions of geometry. 

Gl.l Understand and can apply the basic postulates, theorems, 
and definitions of Euclidean geometry. 



rl 2 solve problems relating to special polygons such as 
trUngles, parallelograms, rectangles, and squares. 

ri 1 use formulas to determine the lateral area, total area, 
""^•^ all voile of certain three-dimensional figures such as 

cCbes, rectangular solids, spheres, cones, pyramids, and 

cylinders. 

G2. Students use compas and staightedge to perform geometric 
constructions . 

* G2.1 Perform the basic geometric cons uctions. 

* G2.2 use the basic constructions to perform other specified 

constructions. 

G3 Students use transformations to i4^^t"t%?°[;^f;;^???^^"^ate 
similaiity of figures and ratio and proportion to illustrate 

similarity. 

G3.1 Derive, intuatively, the .onditionsnecessary for 
congruance . 

G3.2 Derive, intuitively, the conditions necessary for 
similarity. 

G4 Students understand and are able to use the basic elements 
of coordinate geometry. 
G4.1 use the distance formula to find the distance between two 
points. 

G4.2 Derive information from the graph of a line. 

G5. Students understand and are able to use the Pythagorean 
theorem. 

G5.1 Follow and understand informal proof of the Pythagorean 
theorem. 

G5 2 Explore right triangles by applications of the 
Pythagorean teorem and its converse. 

rs students understand and are able to apply the sine, cosine, 
and tangent ratios in given right triangles. 

G6.1 understand the sine, cosine, and tangent ratios. 

G6.2 Use the trigonometric ratios to solve right trangles. 

G7. students are able to visualize three-dimensional objects 
based on two-dimensional representations. 

* G7.1 construct three-dimensional models from two-dimensional 
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•terns. 

* G7.2 Construct patterms for polyhedra models. 

* G7.3 Explore isometric and orthographic representations of 

three-dimensional objects. 

* G7.4 Locate points in relations to x, y, and z axes. 

Patterns and Functions concepts and Skills 
PI. students determine and extend patterns. 

* Pl.l Find patterns in sequences of numbers. 

* Pi. 2 Find patterns in the properties of geometric figures. 

P2. Students understand the functional relationship between tv;o 
variables. 

P2.1 Solve probelms involving direct and inverse variation. 

P2.2 Graph a function based on the inoformation given in a 
table or other :vnalgebraic form. 

P2.3 Investigate various properties of functions. 

Statistics and Probability: Concepts and Skills 

51. Students use counting procedures to solve combinatorial 
problems. 

51.1 Use of list or a tree diagram to count possible 
arrangements. 

51. 2 Calculate posible combinations and use the multiplication 
principle. 

52. Students understand and use certain princples of 
probability. 

52.1 Determine a sample space to represent the outcomes of an 
experiment. 

52.2 Assign probabilities to elements of a sample space and 
calculate probabilities. 

52.3 Distinguish between dependent and independent events and 
use conditional probability. 

53. Students determine measures of central tendency and 
dispersion of data they have collected. 
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53.1 Construct a frequency table. 

53. 2 Calculate median, mean, mode, quar tiles, and standard 
deviation. 

S4. Students interpret data and make valid inferences regarding 
the data. 

SA,' Explain the significance of a*, .ering values of 
, .atistical measures. 

S4.^ Choose appropriate statistical measures to describe data. 

54.3 Iden*-ify and explain misuses of statistical data. 

S4 4 Estimate probabilities of events based on empirical data 
and u^: *-b^se probabilities to make inferences. 

Logic; Concepts and Skills 

LI. Students understand and use certain terms and priniples of 
logical inference. 

* Ll.l Distir>- ^sn between inductive and deductive reasoning and 

explain when each is appropriate. 

* LI. 2 Use inductive reasoning. 

* LI. 3 Use deductive reasoning in reaching conclusions. 
Algebra:, Concepts and Skills 

Al. Students evaluate algebraic expressions when rational 
numbers are substituted for the variables. 

Al.l Apply the rules for the order of operations to evaluate 
an expression. 

A1.2 Evaluate expressions involving exponents. 

A1.3 Apply the definition of absolute value to evaluate 
expressions. 

A1.4 Use estimation to give rational approximations of square 
roots . 

AZ. Student solve for a vaiable in equations or inequalities 
involving one or more variables. 

A2.1 solve a linear equation or enequality in one varible. 

A2.2 Solve a formula for an indicated vaiable in the first 
degree. 
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A2.3 bolve praccical problems involving direct and inv 
variation. 

A2.4 Apply the appropriate formulas to determine area, 
density, distance, and so on. 

A3. Students apply algebraic techniques in solving word 
problems . 

A3.1 Use variables to represent unknown quantities and write 
equations or inequalities. 

A3. 2 Formulate a problem given the representation of a 
variable and an equation or enequality. 

A4. Students understand and can apply the concepts of ratio, 
proportion, and percent. 

A4.1 Set up and solve proportions for a variety of situations. 

A4.2 Apply formulas to solve practical problems involving 
percent. 

A5. Students graph and/or analyze a variety of algebraic 
relations. 

A5.1 Graph a linear equation or inequality in two variables. 

A5.2 Graph and/or analyze the graph of a quadratic function or 
relation and identify its characteristics. 

A6. Students solve certain systems of equations and 
inequalities . 

* A6.1 Graph a system of two linear equations in two variables 

and interpret the meaning of the graph. 

A6.3 Use algebraic techniques to solve a system of two linear 
equations . 

A7. Students convert algebraic expressions to desired forms. 

A7.1 Apply the rules for exponents to rewrite algebraic 
expressions. 

A7.2 Simpligy algebraic fractions by dividing out the reates 
common monomial factor. 

A7.3 Perform the operations of addition, subtraction, and 
multiplication on two binomials. 

* A7.4 Perform the four basic operations on simple rational 

expressions involving monomial numerators and 
denominators . 
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A7.5 Find approximate values for expressions involving square 
roots. 

A8 students recognize special types of polynomials and are able 
to factor certain algebraic expressions. 

A8.1 Factor polynomials by removing the greatest common 
factor. 

. A8.2 investigate ways in which factoring and other techniques 
can simplify mental calculations. 



NOTES 

i. ^ates that the item was not found on the tests 
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Curriculum Expectations in 
Mathematics Frameworks ; for California Public Schools 

Kindergarten Through Grade Twelve 

(Sacramento, CA: State Department of Education pg. 31 - 32) 

(Junior Program] 
Number 

JNl. Estimate answers to all computational problems. For a given 
problem, the student should be able to decide whether a 
proposed numerical answer could be a possible solution. 

JN2 Find the sum, difference, product, or quotient of whole 
numbers, fractions, and decimals, choosing an appropriate 
method of calculation - estimation, mental arithmetic, paper 
and pencil, or the calculator - according to the nature of 
the problem. 

JN3 Use the order relations to compare whole numbers, fractions, 
and decimals; and locate these numbers on the number line. 

JN4. Understand and perform basic operations on the full set of 
rational numbers - positive, negative, and zero; develop an 
awareness of the underlying structure on which th<2se 
operations are based; and recognize the various forms for 
representing rational numbers. 

JN5. Use the associative and commutative laws of addition and 
multiplication and the distributive law to simplify 
numerical calculations. 

JN6. Convert among percent, fractional, and decimal equivalents; 
and solve for the unknown in a percent problem. 

JN7. Use ratios and proportions to solve a variety of problems, 
including those involving percent. 

+JN8. Find the square roots of whole numbers, fractions, and 
decimals whose square roots are rational; and estimate 
irrational square roots as a check of results obtained with 
calculators. 

JN9. Find the prime factors of whole numbers; and use prime 

factorization to find factors, multiples, greatest common 
factors, and least common multiples of a set of whole 
numbers. 



JNIO. Evaluate numerical expressions involving positive 

integral exponents; represent the prime factorization of 
whole number in exponential notation; and convert whole 
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numbers from base-ten notation to scientific notation and 
vice-versa. 

exponent anS to mSltiply and raise numbers represented in 
scientific notation to powers. 

Measurement 

ind Srea of polygons and circles, the volume and surface 
area of selected solids, and the measures of angles. 

«JH2. convert units of measure of length, area, and volume within 
a system of measurement. 

*JM3. Find perimeter, area, surface area, and volume of irregular 
geometric figures. 

.JM4. Explore the approximate mature of measurement and the degree 
of error, using the concept of rounding. 

use a ruler and pi or with proficiency. 

Geometry 

*Tri Use and give examples to represent geometric terms, such as 
acute righ^! obtuse, complementary, supplementary, and 
^e^ticaJ aSgles; parallel, perpendicular, ^nd intersecting 
lines and planes; and measures of angles. Identify two ana 
three-dimensional geometric figures. 

ir7 Describe relationships between figures (congruent, similar) 
anfperfom transformations (rotations, reflections, 

translations, and dilations). 

-r^o n^m^ncfrahP relationships involving geometric elements (for 
^ oSr ^he li^ orthe measures of the angles of a triangle 
!- TsJ degrleirtwo points needed to determine a line; three 
noncollinear points needed to determine a P^^ne; the 
Pythagorean theorem; symmetry about a point and * line; 
supplementary and complementary angles; scalene, isosceles, 
equilateral, and right triangles). 

JG4. use knowledge of geometric terms, figures, or relationships 
to solve problems, 
construct geometric figures, using compass and straightedge. 

Patterns and Functions 

iPFl Determine the function rule that represents a relationship 
and find the value of the function for a given value of the 




JPF2. Graph simple relations and functions in all quadrants or the 
coordinate plane. 

*JPF3 .Represent functions in several ways: with a graph, as 
ordered pairs of numbers, in a verbal statement, or as an 
algebraic rulf.. 

Statistics and Probability 

JSPl. Represent the probability of an event as a fraction. 

JSP2.Find the empirical probability of an event from a sample of 
observed outcomes . 

jSP3.Find the probability of complementary events and of mutually 
exclusive events. 

JSP4. Generate a frequency distribution for a given list of data; 
and compute the mean, median, mode, and range. 

JSP5. Extract valid information from graphs, tables, and 
schedules. 

JSP6.Use a list or tree diagram to count permutations or 
combinations . 

Logic 

*JL1. Explore the notion of mathematical implication. 

*JL2. Explore the meaning of the logical connectives and, or, if 
. . . then, and not. 

*JL3. Determine the validity of simple arguments. 

*JL4. Determine the equivalence of logical expressions. 

*JL5. Perform simple deductive and inductive reasoning exercises. 

Algebra 

*JA1. Translate English phrases and sentences into algebraic 
expressions and vice versa. 

JA2. Simplify algebraic expressions. 

JA3. Substitute numerical and algebraic terms for variables in 
algebraic expressions; and use the standard order of 
operations to evaluate these expressions. 

JA4. Solve linear equations of the form ax + b = c, using 
integers, fractions, and decimals. 
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JA5. solve simple inequalities, and display solution sets on the 
number line. 

*JA6. Represent mathematical patterns, using variables. 



pg. 36 - 42 

PROGRAM CONTENT 

SRNIOR high school progidm in mathematics should enable 
students to do the following: 

Number 

4.^«ne on nn«5itive and negative rational numbers, 
"'?iuS!nf fralt^Sns Ind diotnals, to determine sums. 

fereScesfprodScts? and quotients quickly and accurately. 

write mathematical ^expressions and sentences that satisfy 
given coriditions. 

the concept of ordering. 
Measurement 

the measurements. 

*SM2. Make conversions within measurement systems, using 
conversion tables and equivalence of units. 

*qM3 select and use appropriate formulas and P^°jeJ^^".^° 
^"^•de?ermLe a measure when a direct measurement tool is not 
available. 

Geometry 

*GG1. use the terminology of geometry, ^i?^^^^^^"^^^^^^,^^"' 

describe angles, lines, Po^Y9°"«' ^i^?}^!' s prisml. 
dimensional figures: cubes, cones cylinders, prisms, 

pyramids, and spheres. 
SG2. understand and apply the basic postulates, definitions, and 

* b'.l 



ems of L :.idean geome /. 

SG3. EmL.-oy the concepts of reflection, rotation, and tra: ition 
to' demonstrate symmetry and congruence of figures. Use 
ratio and proportion to demonstrate symmetry and congruence 
of figures. Use ratio and proportion to demonstrate 
similarity. 

*SG4. Perform standard geometric constructions with a compass and a 
straightedge. 

SG5. Apply the Pythagorean theorem and right-triangle 
trigonometry in practical problems. 

SG6. Solve simple algebraic problems involving properties of 
polygons, including special quadrilaterals - square, 
rhombus, rectangles, parallelogram, and trapezoid - and 
special triangles - isosceles, equilateral, and right 
(including 30-60-90, 45-45-90 degrees). 

+SG7. Apply the principles of coordinate geometry to graph lines, 
determine the slope and intercept of a line and the midpoint 
of a line segment, and determine the areas of special 
geometric figures. 

Patterns and Functions 

SPFl. Identify functions and inverse functions by inspection of 
their graphs. 

SPF2. Translate graphs vertically and horizontally. 

*SPF3. Graph linear inequalities in two variables. 

*SPF4. Graph nonlinear functions that represent practical 
situations and interpret the graphs. 

Statistics and Probability 

SSPl.Use counting procedures to solve combinatorial problems. 

SSP2. Develop an understanding of the common mathematical 
properties of the mean of a set of data. 

SSP3.Use mathematical expectation to make judgements about the 
possible outcomes of random events. 

SSP4. Explain the significance of varying values of statistical 
measures. 

SSP6. Choose appropriate statistical measures to describe data. 
SSP7. Identify and explain misuses of statistical measures. 
SSP8. Estimate probabilities of events based on empirical data 
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and use these results to make inferences. 

Logic 

*SL1. Distinguish between inductive and deductive reasoning and 
'explain when each is appropriate. 

*GL2. Uic xiiductive reasoning to generate ^theses. 

*bL3. Uce dtiductive reasoning to reach cone. .ions. 

*SL4. Recognize when the conditions of a definition are met. 

, i-.r 4.v« 4 n^Hon hetwecn a necessary condition and a 
•^^'•s"ncie](t'condUion!''Exp?airwSat is meant V a necessary 

jnd sufficient condition. 
..■6. Recognize and explain flaws in invalid arguments. 

P bra 

. solve a linear equation or inequality in one variable and 
explain the steps used. 

SA2. Formul.^tc and solve sys. . of linear equations or 
inequalities algebraically or graphically. 

SA3. solve practical problems involving direct and inverse 
variation. 

SA4. solve practical problems involving ratio, proportion, and 
percent. 

QAC^ qimolifv and evaluate algebraic expressions involving 

positive aSd negative integral exponents and square roots. 

SA6. Perform the operations of addition, subtraction, and 
multiplication on binomials. 

SA7. Simplify rational algebraic expressions with monomial 
denominators. 

SA8 . Factor polynomials by removing the greatest common monomial 
factor. 

indicates that the item was not included in the tests, 
indicates that only part of the item was in the tests. 
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Content Specification for the 
California Assessment Program 

SURVEY OF ACADEMIC SKILLS: GRADE 8 
MATHEMATICS 



I. Numbers 

A. Skills/concepts 

1. Order relations and classification 

- Identify missing number on a number line. 

- identify relational symbols (<,=,>/=/ / )• 

- Identify order relations involving whole numbers, 
decimals, or fractions. 

- Identify integer e/.pressions and integers on a number 

line. 

2. Number theory 

- Read and write whole numbers and decimals. 

- Identify the place value of a given digit in a whole 
or decimal number. 

- identify numerals in exponential form and expanded 
notation. 

- Identify odd, even, prime, and composites. 

- Use rules of divisibility. 

- Identify multiples, factors, prime factors, least 
common multiple (LCM), and greatest common factor 
(GCF). 

- Approximate the square root of whole numbers. 

3. Properties 

- Identify missing expressions illustrating 
commutative, associative, and distributive 
properties. 

- Identify missing numerals to illustrate identity or 
inverse elements. 

B. Applications 

- Use knowledge of order relations, classification, 
number theory, and the properties of addition and 
multiplication to solve problems in the context of 
real-life situations. 
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II . operations 

A. Skills/concepts 

1. Whole and rational numbers 

- Identify symbols to represent addition, subtraction, 

- ?Se^^i?^i^^U:i:.°^u:?.^ril'°"o indicate understanding 
of the addition, subtract multiplication, and 

- tdd'lnS^ub't^act'Taiional n.noers in fraction and 

- Eftimate'pScts and quotients of whole numbers and 
decimals by rounding. 

2. Percents 

- Identify equivalent fractions, decimals, and 
percents . 

- THpntifv equal ratios. . 

- Identify a given percent of a given number. 

- identify ?hl percent a given number is of another 

- fdenSifrthe'number that is a given percent of another 
given number. 

B. Applications 

1 . One-step 

- Use knowledge of operations on whole numbers, 
frlctionsror decimals to solve simple one-step 
p"bleSS in the context of real-life situations. 

2. Two or more steps 

- Use knowledge of operations on whole numbers, 
frLtiCns, or decimals to solve two- (or more) step 
problems in the context of real-life situations. 

Ill . Algebra 

A. Skills/concepts 

1. Expressions, equations, & inequalities 

- Translate simple English phrases and f^^aualUiefand 
algebraic expressions, equations, or inequalities and 

- Eialulte'timple expressions involving one or more 
operations . 

- Identify equivalent simplified values of arithmetic 
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exprc. ions using the stand ..i order of ations. 

- Add, subtract, multiply » and divide intec rs. 

- Solve for unknowns in simple linear equations. 

2. Graphs and functions 

- Identify coordinates of points on the coordinate 
plane. 

- Identify the missing number in a function table of 
ordered pairs of numbers. 

- Identify the graph of a simple linear equation. ] 

B. Applications 

- The student will apply his or her knowledge of 
algebraic expressions, equations, inequalities, 
coordinate graphs, or functions to solve problems in 
the context of real-life situations. 

IV. Geometry 

A. Skills/concepts 

1. Geometric terms and figures 

- Identify two- and three-dimensional geometric figures 
(quadrilateral, parallelogram, rectangle, square, 
circle, hexagon, triangle, closed figure, cube, 
prism, cone, sphere). 

- Identify geometric terms (diameter, radius, 
circumference, arc, chord, tangent, point, midpoint, 
endpoint, line, ray., line segment, intersection, 
union, perpendicular, parallel, vertical, diagonal, 
side, edge, axis, face, region, adjacent, interior). 

- Identify angles (right, acute, straight, obtuse, and 
adjacent) and triangles. 

- Identify approximate measure in degrees of angles. 

2. Relationships 

- Identify parallel or perpendicular lines and planes. 

- Identify figures that are congruent, similar, or have 
symmetry. 

- Identify spatial transformation -- rotations, 
reflections (flips), and translations (slides) of 
shapes and figures* 

" Identify basic geometric postulates (sum of interior 
angles of a triangle is 180 degrees, sum of interior 
angles of a quadrilateral is 360 degrees, two points 
determine a line, three noncolinear points determine 
a plane) . 

B. Applications 

- Use knowledge of geometric terms, figures. 
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relationships, or postulates to solve problems. 

Measurement 

A. Skills/concepts 

1. Units and estimates 

. Estimate measures, (linear and other than linear, ^of 
familiar objects xu Cu^ 

- Estim;te measures of familiar ...acts in the metric 
ilSentTfv equivalent measures (for length, area, 

conversion table. 

2, Perimeter, area, and volume 
:Jl!SSiiL^peSlle^r:%rr^i:irrlAci:"rertnri-^e 

- SL^nonstandard^unft; to measure length, area, and 
volume of geometric figures. 

Applications 

- use knowledge of measurement to solve problems. 
Probability and statistics 

A. Probability 

: ^n^ti^^ fhe ^rrbiii^t^ ll ?hf ::Sp=i Of an 

s^®"^^' w Win 4-,, rtf an pvent that is certain 

- Identify the P'^o'^^^Pity of an event tn 

to occur or an event that is certain no ^^^^^^ 
: Tdeftif^ ^emrrical'^-ba^uitn?'ai -eSt from a 
. to determine the 

number of outcomes in an event. 

B. Statistics 

- Identify the mean or average of a given list of data. 

of data. 
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VII. Tables, Grains, & Integracod Applications 

A. Tables and graphs 

- Interpret data given in the form of line, bar, 
circle, and pictographs. 

B. Integrated applications 

- Interpret information from maps or road signs. 

- Interpret information from advertisements or notices. 

- Interpret information from commercial charts or 
tables . 

- Interpret information from schedules. 

VIII. Problem Solving 

A. Formulations of problem 

- Identify questions arising from a described practical 
situation. 

- Identify problems arising from a mathematical model 
(graph, equation, diagram, table, or number line). 

- Identify statements that can be made using information 
given or gathered. 

- identify reasonable conclusions drawn from a 
mathematical model. 

B. Analysis of problem 

- Identify the facts in a given situation 

- Identify (a) appropriate information, (b) extraneous 
information, or (c) incomplete information in a given 
problem. 

- Clarify ideas within a problem, (a) forming a mental 
image of what must be done, (b) restating the 
problem in simpler form, and (c) identifying 
similarities and differences between two sets of 
information. 

- Identify a problem having the same underlying 
mathematical processes (same steps in same sequence) 
as a given problem. 

C. Applying strategies 

- Use estimation to predict reasonable solutions for a 
given problem or identify problem or identify problem 
solving tactics. 

- Identify (a) appropriate operations, (b) appropriate 
number sentence or equation, (c) subproblems, or (d) 
alternative strategies that will lead to a solution 
of a given problem. 

- Identify (a) appropriate drawings or diagrams, (b) 
appropriate graphs, (c) appropriate tables or charts, 
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Ml anoropriate "guess-and-oheok" strategies, (e) 
ipprop?iate patterns, (£) ^in-P^^Vi"? strategies, (g) 
"Sorking-backwards" strategies, or (h mathematical 
reasoning that will lead to the solution of a given 
problem. 

Reasoning and interpretation 

- Recoanize a sensible solution to a given problem. 

: ?^rif^ the accuracy of the pr:. >m analysis and the 
matiematicaf work by checking a solution in the 

. ^^nUfyleL^nrb^e^conc^u^ions or interpretations 

- IITAT, ^i^^^^ons^^^.^ were made in 
the analysis and solution of a problem. 

- interpret the effect of "simplifying assumptions ' 
^ha? Sere made in the formation of a mathematical 
model upon the validity of a solution of a given 

Solut ion^of * problems ( aggregations of 
appUca?ions: probability and statistics 
tables, grap--^, & integrated applications) 
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